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1. Introduction

Did you ever wonder what graphs, Kirchhoff laws, the Internet, rough sets, neura
networks, and brain organization have in common? The answer may be very simple - the
system topology. Whether it is a flow -graph that describes the flow of signals between
the nodes of a graph, Kirchhoff laws that describe relation ships between currents or
voltages in an electronic network, or the Internet that uses a web of interconnected
computers to move packets of data between the end users, they al rely on specific
topological information about the system structure. A similar argument can be used for
rough sets that describe features of the information system; neura networks that
implement the connectionist concept of massively paralée interconnect structures of
processing elements; or the human brain - the most complex, and still only sketchily
described, system of interconnected neurons. In all of these systems topology determines
how the system operates. Topology is a silent system of constrai nts imposed on an
electronic network, governing the signal flow between its components. Thusit isused in
all aspects of system design from system analysis and synthesis through diagnosis.

Over many years computer analysis of large analog circuits was an important
research topic presented in many monographs and research papers [23], [55], [56], [104],
[138], [174], [193], [203], [281]. The main objective of these works was to improve
computational efficiency of the computer analysis methods (like accuracy of the results,
analysis time, memory requirements, numerical stability and convergence, etc.) and to
obtain full, accurate, and illustrative information about the analyzed circuits. These were
also the objectives of the symbolic or semi symbolic network analyses [5], [83], [145],
[205], [206], [215], [216]. Since it was difficult to develop effective programs of
topological analysis for large networks, the development in these years was focused on
numerical methods for sparse matrices [27], [55], [99], [105] or eigenvalues methods
[41], [121], [139], [155], [177], [202], [218]. Since then computer aided analysis and
computer aided design of electronic circuits developed into aleading industry behind the
microelectronic revolution with many professional conferences, design tools, software
vendors, design houses, and fabrication facilities. In this development the symbolic
analysis methods played an important role.

Also for many years the analog fault diagnosis and fault location in analog
circuits have been challenging tasks for both design researchers and practitioners [69],
[259]. Relationships between the input and output signals in analog circuits are obscure
compared to precise relationships in digital circuits. Statistical distribution of faults or
their character is unpredictable. Changes in the circuit response are not linear functions
of changes in the parameter values even if a circuit islinear. Modern VLSI technology
integrates many thousands of analog components sharing the same silicon substrate with
even more numerous digital components, with relatively few points accessible for
measurements. Lack of access to the internal points for measurements and lack of good
fault models are making design for test difficult, and the analog nature of parameter
changes compounds the problem. Over the years importance of the analog testing grew.
As the testing costs started to exceed the design costs, the integrated circuit industry
needed more effective design for test techniques and good testing standards. Many



conferences devoted to design automation and test have been organized, attracting
constant attention and research effortsin thisarea.

Topological analysis of electronic circuits relates to learning circuit properties
based on the circuit components and the way they are connected (circuit topology)
without using numerica methods to solve the circuit equations. It results in transfer
functions of the analyzed circuits that represent ratio of the Laplace transform of the
output and input signals. Network topology can aso be used indirectly to aid the circuit
analysis or to simplify organization of its numerical analysis. Topological diagnosis uses
network topology to determine testability conditions, isolate faulty subnetworks and
locate faulty parameters, determine test coverage and test point selection, and identify
ambiguity conditions. It can do so without regard the amount of p arameter deviations
from their nominal values.

The main objective of this work isto show how topological methods can be used
in the analog circuit analysis and testing techniques, how they can enrich the software
tools used in computer aided analysis, and how they can enhance the design for testability
process. More specific objective of this work is to address the problems of topological
analysis of large analog networks, considering various topological representations of the
circuit elements. These problems include the development of effective methods and
algorithms of topologica analysis of large electronic networks that lead to analysis time
comparable with time needed for the numerical analysis. The practical need to consider
various topological representations stems from the differences in the topological
analyses, different treatment of such representations in the literature, and problems with
identifying the optimum representation for the topological analysis. Another specific
objective is to show how the network topology can be used to develop the testing tolls for
analog circuits. These include the development of testability requirements, formulation
of effective test equations, selection of test points, multiple fault verification techniques,
fault location in large analog networks to identify faulty nodes and faulty components,
and an effective treatment of the low testability circuits. Presented approaches to reach
these objectives were proposed first at the beginning of nineteen eighties [226] and
elaborated and extended over the years to encompass the above mentioned problems [10],
[40], [77], [133], [134], [148], [182], [201], [221], [223], [224], [227]-[242], [ 244]-[248],
[251]. Development of computer analysis programs and inclusion of the discussed
topological approaches in the software tools [21], [37]-[39], [98], [132], [222], [225],
[234], [243] facilitated the use of the proposed methods in practical projects. Fragments
of such projects are presented in thiswork to illustrate principles and forms of topological
network analysis and diagnosis.

The work focuses on author, s research work in topological analysis and diagnosis.
It tries to put a framework over two disciplines related through topological treatment of
the discussed analysis and testing problems. It explores dependencies that relate a
topological description to the flow of information between the processing nodes, and
provides el egant, mathematically simple relationships, independent of the system size and
complexity. Yet system size and complexity affect the computational effort needed to
compute the results using the network topology. Therefore, specia attention is paid to
developing algorithmic approaches that facilitate working with large systems. This work
discusses only major results that author obtained in topological analysis and diagnosis,
with references to published work for further details. When needed for clarity of
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presentation, these results are illustrated with sample applications. The author, s most
recent quest to apply topology to modeling, smulation and design issues of building
brain-like intelligent machines is not discussed here. These issues, athough extremely
important and very challenging, still await their successful, system level solutions.

The thesis presented in this work is that topologica analysis and diagnosis
methods significantly contribute to modern design and test procedures. One of the
objectives of thiswork i s to bring these methods into the light.

Thiswork extensively uses terminology and tools of graph theory [18], [44], [45],
[51], [53], [65], [96], [162], [164], [212]. The second chapter relates graph theory and
network topology. It introduces three topological representations of the network
equations based on the flow graphs, directed graphs, and conjugated linear graphs. It also
defines the stamp models of linear circuit elements. Finaly it presents various types of
graph decomposition and an efficient algorithm of hierarchical decomposition.

The third chapter is devoted to topologica analysis. It presents genera
characteristics of topological analysis methods and describes development of these
methods pointing the main results that facilitated their growth. It aso presents methods
and computational techniques used in the three types of topological representations.
Specificaly, it discusses methods and techniques for a direct graph analysis, as well as
analysis with decomposition. Two types of hierarchica analysis —descending and
ascending methods are described. Subsequently, efficient methods and related algorithms
to generate multitrees and multiconnections required in network analysis are presented.
The last section of this chapter discusses topological methods used in anaysis of
distributed interconnection networks, and explains the network diakoptics using a
hierarchical decomposition of its graph and the large change sensitivity method.

Chapter four focuses on the methods of topological diagnosis. It starts from
discussing a fault location in nonlinear networks based on the network decomposition and
location of faulty regions. This is followed by specialized methods of fault location in
linearized networks. They contain such issues as the location of faulty elements, fault
location by nodal analysis, topological conditions for fault diagnosis in nodal analysis,
consideration of parameter tolerances in fault diagnosis, and fault location using the
multiport representation. Subsequently, a sensitivity approach to time domain testing is
presented. It uses the network topology and a hierarchical decomposition of the test
equations to simplify the test equations and to improve accuracy of the test results. The
next section in this chapter develops fault verification in multipl e-fault diagnosis. It
presents a fault diagnosis process based on the verification method and uses the large
change sensitivity approach to develop a new test verification method for the analog fault
diagnosis. This is followed by the presentation of ambiguity groups finding technique
and a fault diagnosis approach to low testability circuits. The method uses the network
topology to identify fault-free subnetworks and proceeds to identification of faulty
components using fault location techniques. The | ast section in this chapter presents
entropy based test point selection.

Concluding remarks are presented in Chapter five.
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2. Graphs and Network Topology

Topological methods of circuit analysis and diagnosis relate to the study of
electronic circuits. Study of these methods was initiated by Kirchhoff [123] at the end of
the 19th century and intensified in the sixties and seventies [71], [119], [48], [173], [24],
[25], [63], [254], to a large degree due to the development of computer technology and
related devices requiring advanced methods of electronic circuit analysis and design.

Concurrently, algebraic methods that represent network topology and can be used
for its analysis were developed, most notably by Wang [272], [258], [261], [68] and
Bellert [14], [15], [16], [17], [87]. The most attractive feature of topological methods at
this early stage of their development was their ability to obtain transfer functions directly
from the circuit netlist or from its graph description.

Graph based methods used signal flow graphs (Coates [57], [58] and Mason, s
[157], [158] graphs), linear graphs (current-voltage [163], [212] and nullator-norator [62],
[63] graphs), and directed graphs (unistor [159], [45] and distor [47], [45] graphs) to
describe network topology. Specialized analysis methods were developed for each of
these graph representations and there was no unifying method that would handle these
various representations or reuse results from one form of graph representation to another.
The presented work illustrates a unifying approach to circuit analysis using network
topology and its various graph representations. First, basic notations from graph th eory
are presented to provide atool for network analysis and diagnosis.

2.1. Graph Representations of Electronic Circuits

Three major types of graph representations are used to describe electronic circuit
topology. These three major types and some of t heir better know subtypes are as follows:
1. FHow graphs
a. Coates, graph
b. Mason,s graph
2. Directed graphs
a Unistor graph
b. Dispersor graph
3. Conjugated graphs
a. Current-voltage graph
b. Nullator-norator graph
These graphs represent both the interconnection structure of an electronic circuit
and its element values. Since topological analysis and diagnosis is performed on a linear
system, it is assumed that the circuit elements represented by the graph are linearized
around their DC operating points. Thus, in general, graph s represent circuit interconnect
structures and associated linearized element values.
Without loss of generality we may assume that, at a given operating point, an
electronic circuit is described by the modified nodal equations with the coefficient matrix

A=PYQ. (2.1)
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The coefficient matrix A can be directly obtained from the element equations
using the [Stamp approachCas described in  [267]. In this approach, linearized element
models are as described in Table 2.1.

These element models are directly inserted and their symbolic values are added to
other element values at the corresponding locations of the modified nodal matrix. P and
Q are the topologica matrices that indicate location of the element s parameter value
(element value) in the modified nodal coefficient matrix A. Except for the reference node
(ground), typicaly al element values are placed at most at 4 locations in A using the
stamp approach. More specifically, for each element its symbolic value Y is placed on
the intersection of rows i and j and columns k and | as in the following stamp matrix (all
remaining elements of the stamp matrix are zero):

k I
s, i. Y .. Y .. ’ (2.2)
J Y Y

Each circuit element has a single column in topological matrices P and Q that represent
information about element,s interconnections. More specifically, for an element
described by the stamp (2.2), matrix P contains 1 and -1 in rows i and j and matrix Q
contains 1 and -1 in rows k and | with all other elements equal to 0. Thus, if a circuit
model has b elements, and it is described by n n modified nodal matrix T, then both P
and Q matricesare n b matrices.

Some stamps may contain not only the element value (represented in (2.1) by YY)
but constant values as well. These constant values do not affect matrices P and Q. Ina
circuit model with passive two-terminal circuit components (R, L, and C) only, matrix P
isequal to matrix Q, and it is known as the incidence matrix.

The three types of graphs (signal-flow graphs, directed graphs, and conjugated
graphs) can be easily obtained from the modified nodal stamps, and their major types are
clearly established based on how they appear in the modified nodal matrix.

Each edge of a graph may describe one, two, or four elements of the coefficient
matrix depending on whether it is in a signal -flow graph, directed graph or pair of
conjugated graphs. Flow graphs represent each element of the coefficient matrix as an
independent edge of the graph, resulting in relatively complex graphs that contain as
many edges as the number of nonzero entries in the coefficient matrix. Directed graphs
may represent two elements of the coefficient matrix, either in a single row (dispersor
graph) or a single column (unistor graph) as an independent edge of the graph. Finadly,
the conjugated graphs represent four elements of the coefficient matrix as an independent
edge of the graph, resulting in graphs that contain the minimum number of edges.

13



Stamp models of linear circuit elements

Table2.1

Element Symbol Stamp Equations
| . I
Current Source lJ \S,‘EDSESFE | J 3
d :
i0
i - EVRRVA=
1
Voltage Source E JJ - I
ind mi11 1 E S
j * VJ VJ
Admittance YII Vv e Y YO
IR VARYS
i ) ;Y Y
j + vV, V|
.- . ! J 1 V, V., ZI 0
mpedance e
P v ! 1
b - m 11 12
j ot
Open Circuit v vV Vv,V
0o
i o V; V|
| V, Vv, 0
] Pl
Short Circuit | , i 1
i0 m 11 1 :
] vV, v,
V, V, 0
Nullator ,
77777777777777777777 l, 1,7 0
i0 m 11 1
J I
V and |
Norator j 1 are arbitrary
’ 1
i0 ’
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Element Symbol Stamp Equations
j ogo k Vi Vi l; 0
vCT v (ov k g g ' 0
- I g(\/j Vj,)
jo kO k' g g P (\YBRYD
V.V, VY, V|
beowe “ j V, V, V, V. O
v R I I
VVT _ g . .
i Ok|:| S 1 e !
m 1 11
V, V., V, V. |
J R 1|V, v, 0
| al j 1
ccT ’ Loy
i K] k lk lk‘ |
mi11 1
V.V, vV, Vo I, 1,
) o k j 1 Vi V. 0
i 1
ot ) " j Lo Ve v o
¢ Lo,
J kO Lo e 1,
L i
Operational ) ° i Vi V. 0
Amplifier . k 1 (PR
m11 1
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Table 2.2 contains various types of example graphs of a passive two-termina
element and a voltage controlled current source.

Table2.2
Graphs of atwo-termina element and a voltage controlled current source
Example stamp
Singlegraph edge | Two-terminal
dement (R.L, or C) Voltage controlled
_ curent source
li= (Vi- V)Y N
= - (Vi- V)Y li= (Vk- VI)Y
! ! ! |j: -(Vk-V|)Y
Y
i i k J |
Coates, graph :j - giY Y -y Y
=
J Y
Y
i I k Y |
Y
. li= VY
Unistor graph b
j . I j
J -Y
|i = (Vk- V|)Y
lj=- (Viec V)Y i k i k
) [ k
Current-voltage v v v v
graph v Y

Using the stamp approach based on the modified noda equations [267] al types
of graphs can be directly obtained. A complete set of Coates, graph stamps were
presented by Starzyk in [226] using so called transitor models. Chen [45] presented a
subset of unistor graph models for elements with admittance description only. In [38]
this description was extended to include all elements with modified nodal equations using
forma unistor models. In addition, Starzyk introduced dispersor graphs and used them

for topological analysis in [231].

Seshu [212] showed how to obtain current-voltage

graphs and Davies [61] presented nullator-norator networks of the controlled sources.
Finally, the conjugated norator-nullator graphs and rules to use them in topological
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analysis were presented by Starzyk in [227]. These stamp based models facilitated
topological analysis by automating the graph creation process, a critical step in computer
based topological analysis.

Comment. Dispersor graphs wereintroduced in [231] to use topological methods
for analysis of electronic circuits with ideal op-amps. Although unistor models of
electronic elements were known in the literature, only the introduction of formal unistor
models [37] permitted to model ideal op-amps and other active elements for which
unistor models did not exist. Other forms of graphical representations based for instance
on the tableau equations can be used, however, they lead to larger graphs and, in general,
require more effort to analyze.

2.2. Graph Decomposition

Graph decomposition is used in many applications dealing with large systems like
linear programming [59], [112] or the shortest path problem [116], [94], [85], information
encoding [59], synthesis of VLSI circuits [54], partition of sparse matrices [190], job
shop scheduling [282], gene assembly [72], software synthesis [126], etc. Its aim is to
improve the agorithmic performance of problems represented by a system graph.
Network decomposition is used in analysis of computer and communication networks
[74], [81], [122], [151], [172], [180]. Decomposition plays an important role in stability
analysis of large systems [30], [97], [66] or layout compaction in very large scale
integrated (VLSI) circuits [243]. In circuit analysis we distinguish diakoptics [138],
[175], [251], generdlized hybrid analysis [55], and topological analysis with nodal
decomposition [134], [135].

Efficient topological anadysis and diagnosis may also require graph
decomposition into smaller blocks with r ules established to govern block level anaysis
and merging the partial results obtained on the subgraph level. Large complex systems,
such as VLSI circuits, contain many subsystems in which subsystem components
strongly interact with each other, while el ements of different subsystems interact weakly
or not at al. This subsystem structure, typical for modern hierarchical design techniques,
facilitates system partitioning. However, quite often boundaries between subsystems are
not explicitly defined, or the subsystem boundaries may not yield the best decomposition
quality. Decomposition quality may be evaluated based on the number of partition nodes
[97], [203], number of partition edges [81], [55], or other decomposition parameters [95],
[122]. Many algorithms of graph decomposition try to provide good decomposition
quality asit affects the efficiency of circuit analysis and diagnosis. However, finding the
optimum decomposition is computationally expensive. Instead heuristic algorithms are
used to find acceptabl e (suboptimum) decompositions of the network graph.

Major results in graph decomposition that are applicable to topological analysis of
complex electronic networks are briefly discussed here.
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2.2.1. Types of Graph Decomposition

There are three types of graph decompositions:
1. Nodal decomposition.

Noda decomposition illustrated in Fig. 2.1 is the most popular decomposition
applicable to all types of topological analysis. The graph is partitioned into edge disjoint
subgraphs (known as blocks) connected by common nodes (known as block vertices).
Graph nodes and vertices will be used in this work interchangeably as both are used in
graph theory and related topol ogical methods.

Fig. 2.1. @ nodal decomposition, b) bisection

2. Edge decomposition.

In edge decomposition a graph is partitioned into edge digoint subgraphs
connected by common edges (know as partition edges). Partition edges are cutsets as
defined in [242]. Block vertices are incident to the partition edges. This decomposition,
illustrated in Fig. 2.2a), is not very useful for the conjugated graph representation since
the corresponding conjugated edges may belong to different subgraphs. However, edge
decomposition may have some advantages over nodal decomposition in topological
analysis of signal -flow graphs [230].

Fig. 2.2. @) edge decomposition, b) mixed decomposition
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3. Mixed decomposition.

Mixed decomposition, shown in Fig. 2.2 b), is a combination of nodal and edge
decompositions and may benefit from their particular advantages. Block vertices in this
partition are the nodes incident to two or more blocks and the vertices incident to the
partition edges. A particular case of the graph decomposition is bisection (partition into
two subgraphs). Bisection plays an important role in topological analysis, as an arbitrary
partition can be presented as a sequence of bisections. In addition, it can be shown that
this is an optimum partition in the hierarchical analysis. Data structure, and memory
organization is particularly simple for the sequence of bisections.

In topological analysis a graph G partitioned into subgraphs G, is represented
using a substitute graphs defined as follows:
Definition 2.1. A substitute graph G°of a subgraph G, is a complete graph 65

spanned over all block nodes incident to this subgraph. Examples of substitute graphs are
shownin Fig. 2.3.

Fig. 2.3. Examples of substitute graphs for
a) flow-graph, b) directed graph, ¢) conjugated graphs

In a similar way, a substitute graph of the decomposed graph G is a graph
composed of the substitute graphs of al its subgraphs. The substitute graph cannot be too
complex as the complexity of its analysis quickly increases with the graph size. Thus,
there is a need to limit the number of blocks and block nodes, which limits the size of
networks that can be analyzed using direct decomposition. To alleviate this limitation,
hierarchical decomposition was introduced in [223], [230] and used in topological
analysis of electronic circuits using signal -flow graph and directed graph respectively.
Hierarchical decomposition is illustrated by a decomposition tree. Vertices of the
decomposition tree correspond to subgraphs of hierarchical decomposition. If graph

G, was obtained by decomposing graph G, , then the decomposition tree has an edge
directed from the vertex G, tothevertex G, .

2.2.2. Algorithms of Graph Decomposition

The main role of graph decomposition is to partition the network graph and to
present it in a convenient for hierarchical analysis form using the decomposition tree. It
is highly desirable to perform graph decomposition automatically. There are severd
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reasons for this. The main reason is that the graph structure is not known before the
circuit data is entered into the computer program. Quite often the circuit netlist is
automatically extracted from its layout by the extraction program, provided by synthesis
tools, or generated from hardware description languages. Partitioning the network graph
based on the subcircuit structure could lead to a suboptimum decomposition. Entering
decomposed graph organization would be cumbersome and would require user,s
familiarity with decomposition methods. Finally, determining if the graph partition is
beneficia to analysis would require complex calculations.

Graph decomposition methods use severa approaches as follows:

1. Cliquefinding [75], [114].

2. Vertex swapping [122].

3. Solving associated equations [95].

4. Subgraph contour finding [180], [204].

Graph decomposition is NP (Non-deterministic Polynomial) complete [67], thusit
is hard to expect that a fast agorithm for optimum graph decomposition can be found.
Only some of these decomposition methods had efficient heuristic algorithms that find
suboptimum partitions. One of these algorithms, developed by Sangiovanni, Ch en and
Chua [204] was improved by Starzyk leading to faster decomposition and better graph
partitions [225].

This improved agorithm creates a sequence of bisections and the corresponding
decomposition tree. Let G, be a graph that corresponds to a leaf of the decomposition

tree. At each step of the algorithm, the bisection of G, is found based on the contour
method [180]. If the divided graph requires smaller effort to analyze than the undivided
one, then the graph G, is subdivided into two graphs G, and G, , and the decomposition
tree is appended with two new leafs that correspond to these two subgraphs. Details of
this algorithm are presented in [225] with discussion of its application to topological
analysis presented in [226]. Using the developed approach, graph decomposition can be
efficiently automated with heuristic methods that yield near optimum solutions.
Decomposition methods are independent of the type of the graph representation used.
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3. Topological Analysis
3.1. Foundations of Topological Analysis

Topological analysis uses network topology to determine transfer functions,
sensitivities and other circuit properties, yielding results in a symbolic form. For a
number of years, efficient implementation of topological analysis was a subject of intense
research [2], [196], [181], [178], [120], [124], [170], [109], [168], [125]. Early attempts
to improve the efficiency of topologica analysis through graph reduction [43], [70], [29]
and decomposition [93], [49], [214] did not yield efficient computer programs and were
critically evaluated by Alderson and Lin [5].

In spite of this relatively modest progress, research on implementable topol ogical
methods continued [276]. Chen used bi-section of a graph to improve analysis of
directed graphs [49]. This was generalized by Konczykowska and Starzyk to a case of
direct graph decomposition using structural numbers [134], leading to an efficient method
and computer program for topological anal ysis of conjugated graphs [135],[136].

Direct decomposition significantly improved analysis time for small networks
(10-50 nodes); however larger networks still could not be efficiently analyzed.
Significant progress in topological analysis was made only after introduction of
hierarchical decomposition methods. Starzyk introduced hierarchical analysis of signal -
flow graph [230], and a similar approach was developed by Starzyk and Sliwa for
directed graphs [223],[224]. Using these methods computer programs for anaysis of
large linear circuits were developed [37], [133], and [132]. Further progress was
accomplished by means of upwards hierarchical analysis [40] that reused the same lower
order terms in hierarchical analysis to improve the processing speed several times over
downwards hierarchical analysis [39].

Topological analysis provides symbolic expressions for the characteristic
functions of an analog circuit. 1t complements numerical simulation in an essential way,
providing the analog circuit designer with more control over the design and testing
process. Numerical simulation provides numerical results, but gives no indication where
these numbers come from and how they change if parameter values are atered. In
numerical analysis there is no indication how to improve the circuit performance or
modify its parameters if the design specifications are not met. Multiple simulations are
required at various parameter values to obtain this kind of information. And yet th e
results may be difficult to synthesize into a coherent and clear relation to parameter
values. Optimization programs need to be employed to find better operation points.

Alternatively, by observing results in a symbolic form, much richer information
about the analyzed circuit can be extracted. A symbolic simulator provides analytic
formulas directly and for more complex circuits than would be possible by using hand
analysis. No longer do circuit designers have to struggle to discover often complex
associations between numerical results and the parameter changes that caused them. The
symbolic results can be used repeatedly with varying circuit parameters, giving a
different and clearer view of the circuit analysis. Properly conducted symbolic analys is
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helps to reduce the analog circuit design time and reduce the design cost, complementing
numerical analysis and expanding the spectrum of tools a designer may use.

The first part of this work discusses the major results of the author,s work on
topological analysis of large electronic networks and points to the renewed interest in
symbolic methods that followed. All three mgor topological representations are
discussed. All three major graph representations were studied to provide a uniform
treatment for all topological approaches, as well as to compare them on the same
grounds. The study was driven by the incommensurability of treatments of various
topological representations found in the literature.

All three representations were applied to analyze an electronic circuit described
by the system of linear equations:

AX=W (3.2)

where X=[x4, X2, *, X ] |, and W=[wy, wa, o, w ] ". Typically, these equations describe a
lumped, stationary system that has been linearized around the operating point and X and
W are Laplace transforms of time domain variables used in the network analysis.

Other forms of equations that describe analyzed system s can also be considered.
For instance, a piecewise linear analysis introduced by Katzenelson [120] may uses linear
equations of similar form and requires only a change of the right hand side and
coefficient matrix values between iterations. In a similar way, (3.1) can be used in a
time-domain analysis of nonlinear circuits that use companion models [187] for reactive
components and Newton-Raphson iterations performed on a system of linear equations.
The important assumption is that the system topol ogy does not change between iterations,
so that the same symbolic results can be reused.

Even the changes that appear to change circuit s topology, such as shorts and
opens, can be handled by this approach, provided the changes are described by the ideal
switch elements, and treated simply as changes in switch parameter values. In particular,
such analysis can be extended to handl e the switch-capacitor networks or catastrophic
faultsin the nominal circuit.

A direct objective of topological analysis is to obtain the transfer function of the
analyzed network in the following form:

Yi
N(s) . i 3.2
F(s) D@ " (32)

d ]

where the numerator N(s) and the denominator D(s) are the sum of products of graph
edge weights and are independent of the topological representation used.

It is easy to illustrate the relation between a selected topological representation
and the coefficient matrix A. For instance, if A isanodal admittance matrix described by
(2.1), then Y is a diagonal matrix of component admittance values while P and Q are the
incidence matrices of graphs that descri be this network. For different types of graphs P
and Q areasfollows:
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1) In conjugated graphs, P is the incidence matrix of the current graph, while Q is
the incidence matrix of the voltage graph. P and Q play similar roles in norator-
nullator graphs.

2) In directed graphs, P is the incidence matrix of the unistor graph P, while Q is
obtained from P by replacing al -1 values with 0. In a similar fashion, Q is the
incidence matrix of the dispersor graph, while P is obtained from Q by replacing
all -1 valueswith 0.

3) In signal-flow graphs, P is obtained from the incidence matrix of Coates, graph
by replacing all 1 values with 0 and changing al -1to 1, while Q is obtained from
the incidence matrix of Coates, graph by replacing all -1 values with O.

F(s) can be obtained using Cramer, srule as aratio of cofactors and determinant of
the coefficient matrix T. Subsequently such cofactors and determinant are expressed
using the Binet-Cauchy theorem 65.

Theorem 3.1: If Qand R arerectangular k m and m k matrices, respectively
with kK m, then the determinant of their product can be determined as follows:

QR QIR] (3:3)

major cofactors

where the magjor cofactors are selected from the corresponding columns and rows of the
rectangular matrices Q and R.

It is aso known that a major cofactor of the incidence matrix is nonzero only if it
corresponds to a graph tree [256]. Thus, from the Binet-Cauchy theorem, the determinant
of the coefficient matrix A can be expressed through one of the following methods
(depending on the topological description used):

1) Sum of the weights of all connectionsin Coates, graph. A connection in Coates,
graph is defined as a set of digoint cycles that contains all the graph nodes. The
connection weight is the product of weights of al the edges included in the
connection.

2) Sum of the weights of all directed trees in the directed (unistor or dispersor)
graph. A directed tree has only a single edge outgoing from each node with the
exception of the reference node. The weight of a directed tree is the product of all
the edgesincluded in the tree.

3) Sum of the weights of al complete trees in the conjugated (current -voltage or
norator-nullator) graph. A complete tree is atree in both conjugated graphs. The
weight of acomplete tree is the product of all the edges included in the tree.

Thus atopological analysis requires finding all the trees or al the connectionsin a
network graph. Computational effort is proportional to this number of trees or
connections and depends on the type of topological representation used.

For the signal-flow graph the number of required connections can be estimated
using the adjacency matrix D(G)=[d;] of Coates, graph G, where d;j = mif and only if
there are m edges directed from node i to node j. The number of connections of the
graph G is equal to the permanent of the matrix D(G) [48]. A permanent of amatrix A=]
ajj] iscomputed in asimilar way to the matrix determinant, as a sum of products over all
permutations of elements from different rows
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perA &y, -y (3.4
J

where 3 j,, j,,. ], IS@permutation of 1,2,7,n. Asshownin [230] the permanent
of D(G) can be estimated as follows:

per D(G) le 1 n, (3.5)

where n isthe number of graph nodes and k is the number of graph edges.

In asimilar way the number of trees of a directed graph can be estimated from its
adjacency matrix D1(G)=[d;], where d;j = m if and only if there are m edges directed
fromnodeitojfori j,anddi= m if there are m edges directed away from node i.
(Here we assume that the reference node was removed from the directed graph). The
number of trees directed towards the reference node can be estimated as follows:

nl

ke

T detD, G
n 1

S|

(3.6)

Finally, the number of complete trees of the conjugated graphs can be estimated
in a similar way and it is related to determinants of their corresponding adjacency
matrices as discussed in [226]. From these results it is obvious that a direct topological
analysis requires computational effort that grows very fast with the circuit size. These
estimates are confirmed in practical analyses where the numbers of generated symbolic
terms grow exponentially. This makes direct topological analysis impractical even for
medium size circuits (with more than 30 nodes).

Topological formulas define the transfer functions of the analyzed circuit using
connections or trees depending on the graph representation used. Basic functions can be
determined by using cofactors of the indefinite admittance matrix. For instance, a two-
port voltage gain can be determined as follows:

Y
K, Yo L 37)

ilip 0 r,ss

See 45 for formulas of other network functions. Since transfer functions can be
expressed through characteristic polynomials n.,n.,ny, N, and m[185], it is sufficient

00’ '0s?  'so?
to express the topological formulas, relationships to characteristic polynomials and to
cofactors of the system coefficient matrix using

n Y

n05 Ypp,qq !
Ny Vs (3.8)
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Y, Y, Y, Y,

s Ir,ss, pp Ir,ss, pq Ir,ss,qp rr,ss,qq’

n

m rp.sg *

where Y, ., denotes a cofactor of the matrix Y obtained by removing rows r and s and

columns p and g. Other cofactors have similar interpretations.

Therole of topological analysisisto obtain symbolic formulas for these cofactors
using graphs and their topological properties. The following sections discuss topol ogical
analysis methods for different graph representations of electronic circuits.

3.2. Signal-Flow Graph Analysis of Electronic Circuits

Since signal-flow graph topological analyses using Coates, and Mason,s graphs
are very similar, we will illustrate this type of analysis using Coates, graph. Coates,
graph of the coefficient matrix A is denoted as G¢(A). So, in general, it may describe not
just an electronic circuit but any linear system (3.1). An edge in Coates, graph that
corresponds to a coefficient a; Ais directed from node x; to node X and has the

weight equal to g .

Example 3.1. Consider the following equation

012 x 8
345%x 0. (3.9)
6 07 x 9

Coates, graph of the coefficient matrix associated with this equation is shown in Fig. 3.1.

Fig. 3.1. Coates, graph of the coefficient matrix

Theorem 3.2 [45]. The determinant of the coefficient matrix A can be computed
based on its Coates, graph G¢(A) asfollows:

A (D" (D-[d, (3.10)

where C isthe set of al connectionsin G¢(A)
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4 v (311)

ec

Yeisthe edge weight, and | isthe number of cyclesin the connection c.
Solving (3.1) requires finding the determinant of the augmented coefficient matrix

d L 3.12
Alw A (312

where d is a symbol for al terms in the denominator, and L=[l4, I, ¢, | ;] contains
symbols for al terms in numerators of variables x;, Xo,*, X n, respectively. Matrix
Coates, graph associated with A, isshownin Fig. 3.2

-W

L

Fig. 3.2. Matrix Coates, graph of the system of equations
Vertex xp isidentical for al independent sources. The following lemmais used to solve
equation (3.1) topologically

Lemma 3.1 [226]. The determinant of the augmented matrix A, has the following
expansion

Al dlA 1Al (3.13)

and the solution vector in (3.1) can be obtained as follows:

C

|A| c G

(D"
c

Xi I—I
| (D"

c

12,..n, (3.14)

where C and C; are the connection sets of G¢(A) that contain edges d and |; respectively.
Example 3.2. Fig. 3.3 shows Coates, graph G¢(A,) of the augmented matrix A,
for the system of linear equations (3.9).
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Fig. 3.3. Coates, graph of the augmented matrix A,
The augmented matrix Agisasfollows:

d I, |
A 8 0 1 2 (3.15)
0 3 4 5° '

9 6 0 7

N
o

Using Theorem 3.2 we can find the determinant of matrix Aa

A] d137 d156d2461 8471 1509

. (3.16)
, 2491,8371,8561,2391,1391,84F6

By selecting the corresponding terms from this expansion and using (3.13), we can
determine any variablein (3.14). For instance X3 can be determined as

y 139 8 46
® 137156 246

(3.17)

If only some elements of the solution vector are needed, then only the corresponding
symbols in the L vector are used, with other symbols and the corresponding edges in the
Coates, graph removed. Typically, an output function depends on one or two elements of
the solution vector and L isvery sparse.

Definition 3.1. Coates, graph of a linear circuit described by the modified
admittance matrix is obtained by combining transitor models [226] of all circuit elements
(including sources) with additional edges d and Iy, I, , |  and removing the reference
node with itsincident edges.

Example 3.3. Fig. 3.4 shows a circuit with an ideal op-amp. Its Coates, graph
with added independent voltage source V; and a single symbolic link 14 to evaluate the
output voltage is shownin Fig. 3.5.
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Fig. 3.5. Coates, graph of the circuit from Fig. 3.4

The determinant of the augmented matrix (3.12) is found using (3.13) and
Theorem 3.2 as follows:

A d|A illi Al CDIC DY, V) DC Yy) (3.18)
(DL, CVC Y)Y, Yo DLV Y DY, Yl
Using (3.14) we can get the output voltage as

(e Yo) Ye(¥a )

Y,
Vv, V-2 : 3.19
s Vi AR (3.19)
and the voltage transfer function as
T Ve Ya¥g Yo¥y YCYb. (3.20)
V1 iy O Yd(Ya Yb)

Similar topologica analysis can be conducted using Maso n s graph. Mason, s
graph can be obtained if instead of (3.1) we will use AX-W=X.
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3.2.1. Direct Signal-Flow Graph Analysis

The direct signal-flow graph circuit analysis can be obtained by using connections
of the augmented graph G¢(As). The augmented graph contains al the edges of graph
Gc(As) plus additional edges as shownin Fig. 3.6

Fig. 3.6. Additiona edges in the augmented graph G¢(As)

For analysis with decomposition we define multiconnections in the Coates, graph
asfollows. Let W denote the set of k pairs of the Coates, graph G, V_,E, vertices

W v, Vool e Visl sy Vo VL LT J-

(3.21)

Definition 3.2 [230]. A multiconnection of graph G, is a subgraph ¢, that
contains k digoint directed paths [65] and digoint cycles. Each path must start at v, and
end at r, for the corresponding pairsin W, and ¢, must beincident to al the vertices V..

Example 3.4. Fig. 3.7 shows the 2-connection ¢,,W 52,13 of Coates,
graph shown in Fig. 3.8

Fig. 3.7. 2-connection ¢,,,W 52,13

0O-connection has W S0 it is denoted by ¢ and is simply a connection, and if
v, 1, then amulticonnection has an isolated node Vv, .

Definition 3.3 [230]. The weight of multiconnection set C,, of Coates, graph G,
with n nodesis defined as follows:

C

Cul (D" (D" (3:22)
¢ Cy

29



Lemma 3.2 [132]. Let C*" denote the set of all connections of the augmented
graph that contain edges a and b. Then the characteristic polynomials can be determined
asfollows:

N, |Cl.
n, [C [ [c'] [cf. (323)
ng, [C%,
ng; Ca,b Ca,c Ca,f Ca,e ,
and
m [c| [c?) (3.24)

Computer analysis programs SNAP and NASAP [56] were based on direct signal -
flow graph analysis. They were limited to circuits with less than 30 nodes (in practice 10
nodes and 30 edges) due to the large number of generated symbolic terms required by
(3.23) and (3.24).

3.2.2. Descending Hierarchical Signal -Flow Graph Analysis

A hierarchical signal-flow graph analysis uses hierarchical decomposition of its
signal-flow graph. At each stage of the graph decomposition, the analysisis governed by
using the results of the signal -flow graph analysis on the higher level. Substitute graphs
on higher hierarchical levels have a larger effect on the analysis efficiency than the
graphs on the lower levels, so it is desirable that they have a smple easy to anayze
structure. This, in turn, requires near optimum decomposition of the underlying signal -
flow graphs. Thistop-down approach is called the descending hierarchical analysis.

The basic idea of a hierarchical analysis can be explained on the case of a direct
decomposition, which corresponds to asingle level of hierarchy. An edge decomposition
that was used in the program FANES [132] will be used here for illustration of this
approach. For simplicity, let us assume that a signa -flow graph G, V,,E was
decomposed into two subgraphs G, V,,E, and G, V,,E, , where V,,V,,V, denote graph
vertices and E , E,, E; denote graph edges. Let us denote the graph that contains the
cutset edges E_, of G, by G, V,,.,E.,, - Block vertices of the substitute graph of the
decomposed graph G, are the input-output nodes and the vertices V,, .

Example 3.5. Fig. 3.8 shows an example of Coates, graph G, and the substitute
graph G/ of its direct decomposition through the cutset with edges E,, €,,6,,65 -

G’ denotes the substitute graph of the subgraph G, (i 12).
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b)

Fig. 3.8. @) Coates, graph G,, b) the substitute graph G/
Hierarchical analysis uses proper multiconnections in Coates, graph defined as
follows.
Definition 3.4 [226]. A multiconnection ¢, is proper w.r.t. the set of subgraphs

S G,G;.....G;, ,andisdenoted c” , if each subgraph c”  G® hasno path or cycle of

the length greater than one.
Example 3.6. Fig. 3.9 shows examples of proper and improper connections of

the graph G showninFig.3.8b) w.rt. S G;,G; .

.
.
.
, ,
, ,
, !
, \ e,

Fig. 3.9. Proper and improper connections of the graph G/
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Proper multiconnections are used in the signal -flow graph analysis with
hierarchical decomposition. Let us assume that a signa -flow graph G, V,,E, was
decomposed into two subgraphs G, V,,E, and G, V,,E, , using the cutset edgesE_, .
The following theorem is used in the case of direct decomposition.

Theorem 3.3 [230]. Determinant of Coates, graph G, can be obtained using the
direct decomposition as follows:

c| 1°Cy[Cu| Ve (3.25)

P cP p
c” C/ e Ey C

where |, is the number of cycles in c”, C” is the set of al the connections of the

substitute graph G;' proper w.rt. S G;,G3, , and C,, and C,, are the sets of k-
connections in the subgraphs G, and G, respectively. Their corresponding pairs of
vertices W, and W, are determined using the substitute graph G° as follows. For each
substitute graph G° compute subgraph c® G® and delete al the loops in the resulting
subgraph defining a new graph G° V,",E" . Edges E" of the obtained graph G" define
pairs of verticesin W .

Using the direct decomposition to topological analysis significantly increases its
efficiency. The estimated time of analysisisreduced R, timeswhere

Rk — 1 o, (3.26)

where , depends on the complexity of the cutset graph G, , k and n are the number of
edges and vertices of the original signal -flow graph G, , respectively.

Hierarchical analysis brings even more significant savings of the analysis time.
Topologica formula for finding graph determinant expressed through its
multiconnections is similar to (3.25) and the only difference is that the multiconnections
C,, are found through decomposition of graphs G, rather than directly. This can be

illustrated by finding ‘sz‘ . A similar procedure will be applied to other subgraphs on all
decomposition levels.

Theorem 3. [230]. The weight of the multiconnection set C,, can be obtained as
follows:

1"|c,,[Cw, Ye (3.27)

P cP p
c CW2 e Ego ©

Cu,
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where it is assumed that subgraph G, V,,E, was decomposed into two subgraphs G,
and G;, using the cutset edges E_,, with the entire notation similar to the one used in

Theorem 3.3. The corresponding pairs of vertices W (i=4,5) that define
multiconnections in G, are determined using the substitute graph G’ and following a
similar process as stated in Theorem 3.3. CV‘V’Z are the multiconnections of the
decomposition graph

Gl G G G (3.28)

cut2

that are proper w.rt. S G;,G;, . Block nodes used in this analysis contain block

nodes from the higher level and vertices V.

Theorem 3.4 can be used to further decompose subgraphs on the lower levels if
they are till too big and if their partition is beneficia to reduce the analysis time. A
characteristic feature of this method is that multiconnections on the lower level are
obtained by using proper multiconnections from the higher level. This feature justifies
the name of such approach - descending hierarchical analysis.

Comment.  Descending hierarchical analysis formulas were obtained in
Theorems 3.3 and 3.4 for the case of bisection using the edge decomposition. Based on
Theorems 3.3 and 3.4 it is easy to obtain results for other types of decompositions. For
instance, in the nodal decomposition E_,, and (3.27) reducesto

1
cP Cvf}z

, (3.29)

Cy, Cu,[Cu

and if the graph is decomposed into more than two subgraphs then (3.27) is replaced by

1’ | Cul Ve (3.30)

P
e Eua €

Cu,

where | isthe set of indexes of all subgraphsof G, V,,E, decomposition.
Topological analysis based on Mason s graph is similar to described anaysis
based on Coates, graph [230].

3.2.3. Ascending Hierarchical Signal -Flow Graph Analysis

In the described in the previous section descending analysis the result of analysis
at the higher levels determined the type of multiconnections needed on the lower levels.
The ascending analysis reverses the direction of information flow in analyzing subgraphs
of the decomposition tree. In this analysis, the results of analysis of the subgraphs on the
lower levels are used to determine functions of the graphs on the higher levels.
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Consequently, the ascending approach avoids repetitive anaysis of the same
subgraphs observable in the descending approach. This results in a significant reduction
of the analysis time, on the expense of the increased memory requirement.

The main idea of the ascending analysis isto obtain and store all multiconnections
that may be useful in the hierarchical anaysis ahead of time, and use them when they are
needed. In particular, in an upward signa -flow graph analysis, multiconnections of
subgraphs on the lower level are connected together to create multiconnections of the
graph on the higher level.

To make the analysis more efficient, multiconnections should be generated in
groups and the whole groups of multiconnections should be combined together. To
facilitate this task awider set of multiconnections is defined.

Definition 3.5 [221]. C B,E isaset of multiconnections in which B represents
initial nodes and E represents termina nodes of multiconnections paths, where
B b,b,.b,,E e,e,.,e,, andB E NB -thesetof block nodes.

Notice that this definition does not specify pairs of B and E nodes —just the sets.
Thusasingle C B,E set contains many Cyy sets, were W contains pairs of vertices B and
E in various combinations. This grouping of multiconnection types simplifies the
hierarchical analysis and improvesits efficiency.

Definition 3.6 [221]. The sign of amulticonnection ¢ C B,E isdefined as

signc) 1" “'~ord(B) ord(E) (3.31)

where n is the number of graph nodes, k is the card(B), |, is the number of loopsin c,
and

1, whenthe number of permutations

ord (X, %,y Xn) ordering the set are even (3.32)
1, otherwise

The analysis on a higher level of decomposition consists of evaluation of
multiconnections of a subgraph that results from the association of two (or more)
subgraphs on the lower level. Let us denote the sets of block nodes for both subgraphs
and the resulting subgraph by NB;, NB,, and NB, respectively. When the two subgraphs
are connected, some of their block nodes become internal nodes, and no other subgraphs
are connected to these nodes on the higher levels. These nodes are caled reducible
nodes.

Let usdenoteCOM NB;, NB,, the set of common nodes; RED = COM - NB,
the set of reducible nodes; C, B,E, ,C, B,,E, , and C B,E - sets of multiconnections

(as defined in Definition 3.5) for both subgraphs and the resulting subgraph, respectively.
The following theorem describes how these sets of multiconnections are rel ated.

Theorem 3.5 [221]. Any set of multiconnections C(B, E) can be obtained
according to the following rule:

CBE C/B,E C,B,E,, (3.33)
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where the summation is performed over al sets of multiconnections C, B,E, and
C, B,,E, forwhich B, B, , B E, ,RED B, B, E, E
and is a Cartesian product 45 of sets C, B,E, and C, B,,E, . Sets B and E are
obtainedasB B, B, RED,E E E, RED.

If al element weights are different, there are no duplicate terms in the formula
(3.33). Thesign of multiconnection ¢ C B,E can be calculated as follows:

sign(c) sign(c,)signc, 1° (3.34)

where

cg¢g ¢, ¢ CB,E, c, CB,E,,

kK mncadE B, COM ,caadE, B,  COM card COM ,
ord B, ord E, ord B, ord E, .

Comment. By using Theorem 3.5 all the multiconnections C( B, E) can be
obtained by combining whole groups of multiconnections from the lower level. In
addition, by using (3.34) the sign modification that results from joining together
multiconnections on the lower level is constant for the whole group of connectio ns

C,B,E, C,B,,E,, a 1“ depend only on the sets B,E,,B,,E,. These

features greatly simplify computer realization of hierarchical analysis because we do not
have to deal with each multiconnection separately.

3.3. Directed Graph Analysis of Electronic Circuits

A linear system can be equally easily represented by a directed graph and by a
signal-flow graph. However, the signal -flow graphs are typically used to represent an
arbitrary linear system, while directed graphs are amost exclusively used to represent
electronic circuits. This difference results from higher efficiency of representing an
electronic circuit by a directed graph rather than by a signal-flow graph. Models of two-
termina elements (R,.L, and C) are simpler using directed graph representation, resulting
in more efficient analysis. On the other hand, signal -flow graph, s structure in a natural
way represents an arbitrary linear system and the resulting graphs are ssmpler in systems
with asymmetrical coefficient matrices.

Theorem 3.6 [226]. The determinant of the coefficient matrix A can be
determined based on its unistor graph G y(A) asfollows:

A, (3.35)

T

where T isaset of all trees of Gy(A) directed to the reference node
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It Y., (3.36)

et

Ye is the edge weight. The reference node is a selected node in the unistor graph
associated with the coefficient matrix A as discussed in [226].

Similar to signa-flow graph anaysis, the unistor graph Gy(A) can be appended
with the symbolic excitation and the circuit response edges. Fig. 3.10 shows the resulting
graph in the case of a single excitation and a single response.

Fig. 3.10. Unistor graph of the system of equations

The following lemmais used to solve equation (3.1) topologically
Lemma 3.3 [226]. The determinant of the augmented matrix A, has the following
expansion

A| d|A _" LAl (3.37)

and the solution vector in (3.1) can be obtained as follows:

x 2t the 90 n, (3.38)

where T is a set of all trees of Gy(A) directed to the reference node k, and T is a set of
two-trees with the reference nodes k and i, and node j in the same subtree as node i (for
details see [226]).

There is no significant difference between topological analysis of the unistor and
dispersor graphs, except that the coefficient matrix associated with a dispersor graph
equals to the transposed matrix of the corresponding unistor graph. This results in
symmetry of the topological formulas for circuit analysis using both representations.
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3.3.1. Direct Directed Graph Analysis

The direct directed graph circuit analysis can be obtained by using the directed
trees of the augmented unistor graph Gy(As). The augmented unistor graph contains all
the edges of graph Gy(A,) plus additional edges as shown on Fig. 3.11. Results for the
analysis based on adispersor graph representation are symmetrical to those obtained from
the unistor graphs as presented in [226]

Fig. 3.11. Additional edgesin the augmented unistor graph Gy(As)

For analysis with decomposition we define multitrees in the u nistor graph as
follows. Let V denote the family of k setsof unistor graph G, V,,E, vertices

Voo Ve Vi e

Mes Vi Vien, (3.39)

Definition 3.7. A directed multitree t, of graph G, V,,E, is a subset of its
edges E, that contains al vertices V, and no cycles, such that each set of the family V is
in different subtree and has r; asits reference node.

Example 3.7. Fig. 3.12 shows the 3-tree t,,V 123, 4,56 of a unistor
graph with 8 vertices.

@ @

@D ® &

®
@ (5

Fig.3.12. 3-treet,,V 123, 4,56

Definition 3.8 [226]. The weight of multitree set T,, of unistor graph G, with n
nodes is defined as follows:

| ity | (3.40)

where
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t| Yo, (3.41)

et

Ye IS the edge weight.

Lemma 3.4. Let T*"denote the set of al trees of the augmented unistor graph
that contain edges a and b, and are directed to the reference node q. Then the
characteristic polynomials can be determined as follows:

N [T,

N [T°,

ng, [T [T, (3.42)
n$ -I-a,d Ta,e’

m ‘Tb‘ T°l.

Computer analysis program DISTOR [217] was based on the direct analysis of the
directed graph of an analog circuit. This program obtains full symbolic analysis of the
analyzed circuit and has similar limitations as programs based on direct signal -flow graph
anaysis.

3.3.2. Descending Hierarchical Directed Graph Analysis

The hierarchical analysis of a direct graph implements topological formulas with
hierarchical decomposition of its directed graph. As in the case of the signal -flow graph
representation, the basic idea of the hierarchical directed graph analysis is explained on
the case of direct decomposition, which correspondsto asingle level of hierarchy.

Definition 3.9 [226]. A directed multitree t, defined by the set of paths

P ovir, Vvl ., VoI, (3.43)

isamultitree that contains directed path defined by the pairs of vertices v;r, P. Each
pair v, r, definesapathfrom v, tor,.

Example 3.8. 3-treet,,V 123, 4,56 from Fig. 3.12 is also an example
of 3-tree tP, P 21,31, 44, 65

Definition 3.10 [226]. A multitree t is proper w.r.t. the set of subgraphs
S G,G,,..,G, , and is denoted t”, if each subgraph t° G, has no path of the

length greater than one.
Example 3.9. Fig. 3.13 shows examples of proper and improper trees w.r.t.
S GGy .
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Fig. 3.13. Proper and improper trees

Proper multiconnections are used in directed graph anaysis with hierarchical
decomposition. Let us assume that a directed graph G, V,,E, was decomposed into two
subgraphs G, V,,E, andG, V,,E; . The following theorem is used in the case of direct
decomposition.

Theorem 3.7 [223]. The weight of the multitree set T, of the unistor graph
G, can be obtained using the direct decomposition as follows:

h
L. T, (3.44)
where

T (3.45)

TF‘,f' is a set of multitrees of the substitute graph G of direct decomposition, composed of
the set of substitute graphs G?°, i=2,3,",h to which the original graph G, was divided.
The set of paths P is defined by the edges of the subgraph G|, (V., E;,) defined as

G, t G° (3.46)
with t taken from the set of multitrees T, of the decomposition graph.

By combining multitrees in the substitute graph defined on the set of paths with
those defined on the set of vertices, further improvement in directed graph anaysis by
direct decomposition is observed as reported in [226] (Theorem 5.4).

Hierarchical analysis brings even more significant savings of analysis time.
Topologica formula for finding graph determinant expressed through its multitrees is
similar to (3.44) with this exception that the multitrees T, are found through

decomposition of graphs G, rather than directly.
Theorem 3.8 [226]. The weight of the set of multitrees on (I-1)st decomposition
level T, * can be obtained as follows:
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T IR R (3.47)

where | is the decomposition level, r is the highest level of decomposition, m and h, are
the minimum and the maximum number of the subgraphs on the decomposition on level |

respectively, TFE‘(, y 1S the set of multitrees of the substitute graph of decomposition on

| 1 -th decomposition level, TFI{ is the set of multitrees of i-th decomposition subgraph
with the set of path P; defined on I-th level of decomposition.
The set of path P; in Theorem 3.8 is determined as in Theorem 3.7 with this
exception, that the set of path P needed to determine T are given.
Comment. If adirect graph analysisis based on the edge decomposition with the
cutset edges on the level | equal to E., , then Theorem 3.8 is modified as follows:

T ' T e 1L, (3.48)

4 |
t Teap! M ety Eou

where Y. is the edge weight, and where the product is taken over al the edges that belong
to the intersection of the substitute graph tree t; and E,.

3.3.3. Ascending Hierarchical Direct Graph Analysis

The ascending direct graph analysisis organized in a similar way as the ascending
signal-flow graph analysis. First, all the multitrees of all the substitute subgraphs are
determined and are used to find the multitrees of the decomposed graphs on the lower
levels. Proper multitrees are used to reduce the number of various multitrees
considered by this algorithm.

Assume that a substitute graph of decomposition on a certain hierarchy level
G, was used to find its proper multitreet; TS . A product term in (3.47) that
corresponds to this multitree can be easily found once its set of paths P; is found, since
the sets of multitrees T, were already found on the lower level of decomposition. Thusit
is sufficient to save the memory address where thisinformation is stored.

Theorem 3.9 [226]. The weight of the set of multitrees on (I-1)st decomposition
level T, * can be obtained in the ascending hierarchical analysis as follows:

T YT 1.1 (3.49)

PR
tp Tepg ! M

In spite of almost identical form of (3.47) and (3.49), a computer implementation
efficiency of the ascending hierarchical analysis is much higher that that of the
descending hierarchical analysis. Similar result applies to other forms of the direct graph
decomposition.
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3.4. Conjugated Graph Analysis of Electronic Circuits

A conjugated graphs representation of an electronic circuit is particularly simple,
since each edge of the conjugated graphs may represent up to four elements of the
coefficient matrix. This results in a smaller number of edges and nodes than for the
signal-flow or the directed graph representations [31], [171].

Theorem 3.10 [212]. The determinant of the coefficient matrix A can be
determined based on the pair of its conjugated graphs G, A,G, A asfollows:

A R (3.50)

where T isaset of all completetreesof G, A,G, A , B, and Q, are submatrices of the
incidence matrices of the two graphs corresponding to the complete tree t

v, (3.51)

et

YeiS the edge weight.

As with earlier representations, the pair of conjugated graphs G, A,G, A ) can
be appended with the symbolic excitation and response edges. Fig. 3.14 shows the
resulting graph in the case of a single excitation and a single response.

Xy
Fig. 3.14. A pair of the conjugated graphs of the system of equations

The following lemmais used to solve equation (3.1) topologically
Lemma 3.5 [226]. The determinant of the augmented matrix A, has the following
expansion

Al dlA 1Al (352)

and the solution vector in (3.1) can be obtained as follows:
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' j
X, ||A‘—| 12 the o o12..n, (3.53)

where Tisaset of all completetreesof G, A,G, A with the reference node k, and Ti; «

is a set of complete two-trees with node j in the same subtree as node i (for details see
226).

Fundamental difficulties for using the conjugated graphs in circuit analysis stem
from the requirement of simultaneous analysis of two different graphs. Thus, in spite of
having a simpler graph representation, conjugated graphs do not yield as transparent and
efficient topological analysis as the other two representations.

3.4.1. Direct Conjugated Graph Analysis

The direct conjugated graph circuit analysis can be obtained by using the
complete trees of the augmented conjugated graphs G, A, ,G, A, . The augmented

graph G, A, contains all the edges of graph G, A plus additional edges as shown on

Fig. 3.15.

Fig. 3.15. Additional edgesin the conjugated graphs G, A,G, A

Let us define the complete multitrees and their weights in the conjug ated graphs
for the purpose of analysis with decomposition, as follows. Let V denote the family of k
sets of vertices of a conjugated graph G V,E (Nullator, norator, current or voltage
graph)

Voo Ve Vi e Vi Vi (3.54)

Definition 3.11. A set of complete multitrees T, ,, of the conjugated graphs
G,,G, isdefinedasT,, T, T, ,anditsweightisobtained asfollows:

sign(t) |t| (3.55)

t v,

‘ TV1 Vo

where
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sign(t) det(R) det(Q,) (3.56)

P, and Q, are the submatrices of the incidence matrices of the two graphs corresponding
to the complete tree t.

Lemma 3.6. Let T ** % denote the set of all complete trees of the augmented
conjugated graphs obtained as follows:

T ab,c,d T1 a,b TZC,d (357)

where T,*” isthe set of al treesin G, A, that contain edges a and b, and T,*¢ is the

set of all treesin G, A, that contain edges c and d. Then the characteristic polynomials
can be determined as follows:

N |T],

N, ‘T b0 ‘

n, [T, (3.58)
Ny ‘T ab,ab ,

m ‘T a.b ‘

Computer analysis programs PASTN [171] was based on direct conjugated graph
analysis. This program obtains full symbolic analysis of the analyzed circuit and has
similar limitations as programs based on direct signal -flow graph anaysis.

3.4.2. Descending Hierarchical Conjugated Graph Analysis

The conjugated graph analysis with direct decomposition was first used in [135].
This analysis is conducted under the assumption that the pair of conjugated graphs
G,,G, was divided onto subgraphs G, V,,E; ,G, V,,E, ,i 12...h under the
following conditions:

1 E, E., E; Ex for j Kk (3.59)
i hl

2.V, V, (3.60)
i1

3. E; E,, V, V,, for i 12..h (3.61)

Let T, denote the set of multitrees of the graph G such that the vertices of
different subsets of the family V arein different subtrees.
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Definition 3.12. A multitree t is proper w.rt. the set of subgraphs
S G,G,,..,G, , and is denoted t”, if each subgraph t”* G, contains only a star
structure subtrees with the common vertices having the lowest index value in the

corresponding subtrees.
Example 3.10. Fig. 3.16 shows examples of proper and improper trees w.r.t.

S GG, .

Fig. 3.16. Proper and improper trees

Let us consider the case of adirect nodal decomposition of the conjugated graphs
G,,G, . Assume that the conjugated graphs G, ,G, i 1...,h arethe decomposition

graphs of G,,G, . Let G5 m 12 be the substitute graph of G, and G® be the
substitute graph of the graph G, decomposition, and S,  G;,;,G,,,-,Gryy - LEt T/,
be the set of admissible pairs of multitrees of G;',G; such that if t,,t, T, . then
t, (m 12) is a proper multitree w.rt. S, and t;,t; ae admissible for al the
subgraphs of decomposition i=1,¢,h , where

mi?

t, t, G3

m mi

m 12. (3.62)

mi

An admissible pair of multitrees of the conjugated graphs G,,G, is when they
have the same number of subtrees. Using subtreesof t; m 1,2 let us define the family
of setsof vertices

Vi Vi Vi e Vg Vi, (3.63)

mi

Theorem 3.11 226. The set of al complete multitrees T, ,, of the conjugated graphs
G,,G, can befound using adirect decomposition as follows:

h

Ty, v, Ty v, (3.64)

b .
LVRLV Tvl,vz il

where T, , is the set of complete multitrees of the conjugates graphs G, ,G, . The
signs of complete multitrees T, ,, can be found using the method described in [136].



A similar theorem for a ssimple decomposition analysis of the conjugated graphs
based on the block analysis and on the algebra of structural numbers was presented in
[135]. Theorem 3.11 can be generalized to the hierarchical decomposition provided that
conditions (3.59)-(3.61) are satisfied at each level of decomposition (see Theorem 5.7 in
[226]). Finaly, we can determine the weight of a set of complete multitrees as follows.

Theorem 3.12 [226]. The weight of a set of complete multitrees T, ,, in the

hierarchical analysis of the conjugated graphs G,,G, can be determined using
hy

Ty, signt,t, signt

p
ty oty Tvl_v2 I 1 rm

LT

Vi Vyi

i 1.1 (3.65)

where | is the decomposition level, r is the highest level of decomposition, m and h, are
the minimum and the maximum number of the subgraphs on the level | decomposition

respectively, T\,f\,z (I 1) is aset of the admissible pairs of multitrees of the substitute

graphs of the graph decomposition on the [-th level of decomposition with the sets of
vertices V, and V, determined on the (I 1) -st level. TV|1\,V2| is the set of complete

multitrees of i-th subgraph of decomposition with the set of vertices V; and V,
determined on the |-th level.  Signs of the complete multitrees signt,,t, and signt',t
are computed as described in [226].

Hierarchical analysis using the conjugated graphs is much more complex than the
analysis using other representations. It is a result of both restrictions imposed on the
decomposition process, and more complex procedures to determine the complete
multitrees and their signs. However, the magjor reason that this representation is inferior
to representations based on signal -flow graphs or directed graphsis a significantly larger
number of the admissible pairs of multitrees comparing to the number of either types of
multiconnections or types of directed multitrees with the same number of the block
nodes. Thus, for a given circuit topology, there are more types of subgraphs that need to
be generated and verified in the conjugated graph analysis than in the case of other graph
representations. This requireslonger computing time and larger computer memories.

The ascending hierarchical analysis of the conjugated graphs can also be
organized by generating all sets of admissible pairs of proper multitrees of al types. This
analysis was not developed due to its lower efficiency than the ascending analysis of
signal-flow graphs or directed graphs.

3.5. Algorithms for Topological Analysis Methods

Dedicated topological anaysis algorithms are used to generate the sets of all
paths, loops, multitrees, and multiconnections of various kinds depending on the selected
graph representation. Most of the methods that were developed in the past (i.e. prior to
author, s research work) were limited to and targeted the direct analysis.

One of the most fundamental methods of generating trees in the graph is based on
the elementary transformations [161], [183], [160], [162], [64]. In this method each new
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tree is obtained by swapping one edge from the existing tree with one edge from the tree
complement (the rest of the graph). However, this method is not the most efficient one.
More effective are the recursive tree methods [176]. In these methods an edge is rejected
from consideration if a closed loop is formed, otherwise it is maintained in the set of
edges for further consideration by the recursive expansion algorithm [169], [165], [46],
[53]. Other methods are based on fi nding the nonsingular major cofactors of the graph
incident matrix [160], [47], [44]. Different approaches to generate trees and multitrees
are presented in [26], [100], and [186]. Most of the agorithms developed for finding
directed trees are derived from agorithms developed for finding trees in the linear graph
[183], [211], and [88]. Large number of methods was devoted to generation of complete
treesin conjugated graphs [44], [127], [160], [171], [228], [229], [232].

Multiconnections of a signal -flow graph can be reduced to generation of digoint
loopsin the graph [106], [56]. Loop generation techniques first determine single loops of
the graph and pairs of digoint loops then, using these results, all the connections are
generated. Such technique presented in [56] was used in the program SNAP [146].
Disadvantage of this method is a large memory required to store al the single and
disoint pairs of loops. Other methods of loop generation were presented in [89], [257],
[275], and [6].

In this section developed by the author efficient algorithms for direct generation
of all the multitrees and multiconnections are presented.

3.5.1. Multiconnections of a Signal -Flow Graph

All types of the multiconnections can be generated directly by using the algorithm
based on the graph, s structural matrix.

Definition 3.13. The structural matrix M [ria}] of a graph with n vertices is a
sgquare N nmatrix whose elements are the sets of edges that are directed from vertex i

towards vertex j.
The set of connections of aflow-graph can be obtained using

(3.66)

n

C(M) m, My, .. m,
i |

where | isthe set of all the permutations of numbers 1,...,I,, . Thereisno duplicationin
the formula (3.66). The sign of a connection C M, M, .. M, is equa to

1" ", where his the number of permutations necessary to order theset i;,...,i,, .

In the formulas for the hierarchical anaysis, we need to use the sets of
multiconnections characterized in Definition 3.5. This problem can be transformed to the
generation of al the connections of the modified graph as follows.

We will assume that the signal -flow graph has card(ryj) 1. Let us consider a

set of multiconnections C B,E where, according to Definition 3.5, B represents the
initial nodes and E represents the terminal nodes of the multiconnections paths.

46



Let us renumber rows of the structural matrix in the following order:
NB B E,.B B E,E B E,B E. Thusthefirst group of rows corresponds to

the block nodes that are neither the beginning nor the end nodes of the multiconnection
paths (the internal nodes). Next, there are the nodes that are the beginning of
multiconnection paths, followed by the nodes that are the end nodes of the
multiconnection paths. The fina group of nodes are t hose nodes that are both the
beginning and the end nodes of the multiconnection paths (the isolated nodes). Columns
of the structural matrix are renumbered in a similar fashion as follows:
NB B ELE B E,B B E,B E . Such rearranged matrix is denoted as

M* [m].
Theorem 3.13 [226]. The set of multiconnections C B,E can be obtained
through the iterative expansion of the function C M* asfollows:

CM' m; CM:* (3.67)

JJ;

where m, M',i L., card(E), J; L.,1 i 1, and M|" is the matrix

obtained from M' after swapping columns 1 and j and removing its first row and column.
Matrix M' is any matrix in the expansion of C M* at the i-th step of the algorithm. In

the last step of the algorithm we have C M'* , Where IS a unit element of

Wang algebra [49]. The result is obtained with no duplicates. This result was simplified
in[221] asfollows

Lemma 3.7 [221]. The set of multiconnections P(B, E) of a graph with an
incidence matrix M is equal to the set of connections of a graph described by the matrix
M(B, E). The matrix M( B, E) is obtained from the matrix M by deleting:

all columns corresponding to nodes B;

all rows corresponding to nodes E.

Example 3.11. To generate the set of multiconnections P({ 1,2}, {3,4}) of the
graph shown in Fig. 20, let us reduce the incidence matrix M, where

072 0 1
093 40

M 000 10 0 (3.68)
000 8 0
000 5 6

by using lemma 3.7
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Fig. 3.17 An example of signa -flow graph

Accordingto Lemma 3.7 M( B, E) is obtained from M by deleting columns 1 and 2, and
rows 3 and 4. Hence

M B,E (3.69)

S W N
o~ O
o O k-

Applying the formula (3.66) to M( B, E.) we obtain the sets of multiconnections P(B, E)
o that

P 12, 34 246,135 . (3.70)
3.5.2. Multitrees of a Directed Graph

Two types of directed trees are used in the hierarchical analysis of a directed
graph G, V,,E, . Thefirst type (Definition 3.7) are the directed multitrees t, defined
by the set of vertices V,, and the second type (Definition 3.9) are the directed multitrees
t, defined by the set of paths. Both types can be obtained by using a single algorithm

and the efficiency of the topological analysis depends on the efficiency of such agorithm.
Tree generation is based on a simple observation that the set of trees that contains

an edge e can be obtained by finding all the trees of the directed graph G, obtained from
G after short-circuiting the directed edge e. Likewise the set of trees that does not
contain an edge e can be obtained by finding al the trees of the directed graph G,
obtained from G after removing the directed edge e. Obviously the two sets of trees
obtained from graphs G, andG, are disoint and the procedure converges to a solution

since at each step the number of edgesin both graphsis reduced by at least one.
To generate the directed multitrees t, first renumber the graph vertices in the

order: h,h,,...h v,v,,. v,k ,K,,.,k,, where nd g ad hi 12..,
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denote the interna vertices not included in the set D, while v, i 12,...,d denote the
beginning verticesof apathinD,and k. i 12,...,q denotethe end vertices of the path.

To generate the directed multitrees t,, we first renumber the graph vertices in the
following order: hy,h,,...; N Vg e Vi sy Vi seees Vign, 5 Tees Ty, WHEE

k
n k m,and h i 12,.., denotetheinternal verticesnotincludedinV,
i1
v, andr, i 1.,k j 1..m denotetheverticesin the same subtree with r, selected
as the reference node.

Theorem 3.14 [226].
The set of all multitrees of a directed graph G can be obtained through the iterative

expansion of the function T M* asfollows:

TM m, TM;* (3.71)
i3
where m, M',i 1..n k, and where J, is determined depending on the type of
multitrees as follows.

1. To generate the directed multitrees t,
i 1..n fori

J. 3.72
' r fori v (3.72)

u u

where r,isthe terminal vertex of the path that beginsat v,
2. To generate the directed multitrees t,,

i L..,n for i
J; : . (3.73)
[ PR forv, 1 Vi,

M} ' is a matrix obtained from M' after adding the i-th column to j-th column of the

matrix M'. In the last step of the algorithm we have T M " * ! , Where  isa
unit element of Wang algebra [49]. The result is obtained with no duplicates.

Described agorithms are fast, smple to implement and require small computer
memory. They can be applied to generate all types of multitrees and multiconnections
required in the hierarchical topological analysis. Their implementation in the algorithms
of topological analysis significantly increased the computational power of these
algorithms leading to an efficient symbolic analysis of large analog circuits.

3.6. Other Advances in Topological Analysis Methods

Topological methods were also used to advance analog VLSI circuit anaysisin
other application areas and in development of specialized comput er aided design (CAD)
tools. Two such application areas that the author contributed to include analysis of VLSI
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interconnects and large change sensitivity application to diakoptics. They are briefly
described in this section. Full analysis of these application areas are beyond the scope of
this work.

3.6.1. Hierarchical Analysis of High Frequency Interconnect Networks

A specia form of topological analysisis also applicable to large regular net works
typical for VLSI circuits, where identical models of network components or subnetwork
macromodels can be used to simplify analysis. This is the case with large clock and
power grid networks, and system level interconnect networks modeled as distributed
networks or identica sections of lumped models that approximate such distributed
networks.

Transmission line effects were not a serious concern when signal wavel ength was
significantly larger than the physical dimensions of the designed circuits. But in circuits
with fine features and high clock frequencies, transmission line effects need to be
considered for long interconnections [28]. This is the case in modern BIMOS/CMOS
circuits, where the signal rise times are comparable to propagation delays.

Timing analyzers typically handle interconnections by using simple models based
on RC trees, and either estimating the interconnect delay [73], [194], [156] or
approximating the output waveforms [189], [188], [286], [179], [166], [283]. Estimation
of the delay time is simple and reasonably accurate yielding reduction in the simulation
time. However, as the signal frequenciesincrease, there is a pressing need to consider the
analog behavior, due to the increasing effect of parasitics.

In [156] exact r-c-g models of distributed lines were used in order to improve
timing accuracy. Another tendency in the interconnect analysis is to evaluate analog
waveforms of the digital circuit response which, may cause unintended switching. This
may go undetected by the network delay methods based on the RC trees. The asymptotic
waveform evaluation method presented in [4], [189] satisfies many requirements for high
frequency interconnect network analysis. It approximates the response of a circuit with
floating capacitors, grounded resistors, inductors, and controlled sources. Its accuracy
depends on the number of moments used. The method is from one to tw o orders of
magnitude faster than HSPICE.  This method was generalized in [166], where the
moment polynomial nodal analysis was used to solve the interconnect networks.
Different generalization of the asymptotic waveform evalu ation, presented in [283],
included lossy coupled transmission lines and nonlinear loads.

Another type of interconnect analysis used in [179] approximates driving point
admittance of an RC tree in order to improve the simulation accuracy. A noteworthy
approach was developed in [198], where the state equations in the complex frequency
domain and the inverse Laplace transform were used to obtain time domain solutions of
distributed line equations. The inverse Fourier transformation of the frequency domain
scattering parameters was used in [276] to determine the impulse response of the
transmission lines. Finally, Pade approximations of the transmission line, s characteristic
admittance were used in [147] to derive arecursive convolution formulation. This latest
method is applicable to lossy transmission lines with nonlinear elements and is one to two
orders of magnitude faster than Spice3.e.
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Developed by the author method presented in [222] uses network equations in the
complex frequency domain and an event-driven approach to interconnect analysis. In
this analysis inverse Laplace transform is computed only when the response changes by
more than a prespecified limit. In addition, a hierarchical analysis is used in order to
reduce the simulation time in regular structures. As a result, a hierarchically organized
interconnect network can be analyzed in logarithmic time. In [222] interconnect
networks are analyzed using symbolic frequency domain analysis and exact models of
distributed lines. The analyzed network must have a tree structure and may contain
transmission lines as well as other linear two-ports with known transmission matrices.
This method is very efficient, particularly when applied to networks with hierarchical
structures, and produces accurate results. Time complexity of the method depends on the
regularity of the analyzed network, and can be as low as a logarithmic function of the
number of elements for a hierarchically organized structure, yielding several orders of
magnitude reduction in simulation time over the leading simulators. The ma in features of
this method are presented in the following part.

Complex structures of interconnect networks used in VLS| designs - such as
clock, power grid, and control lines - show large degree of regularity in hierarchically
organized designs. Identification of such hierarchically organized structuresis relatively
easy in a VLS| design, where the hierarchical design approach is typical ly used. Binary
trees are used to represent hierarchical structures. Other networks are converted to such
format before analysis by inserting auxiliary two-ports with unit transmission matrices.
Major results of this method are presented netx for the reference.

Frequency Domain Analysis

All the two ports in the network are presented by their transmission matrices
which relate input and output variables on the two-port terminas. In particular, a
transmission line is represented by the matrix

cosh | Z:snh |
- 3.74
T= gmh | cosh | (3.74)
Z

where

= J(R+sL)(G+sC), and Z = +/(R+ sL)/(G+ sC),

| isthe length of the line, sisthe complex frequency variable (in the Laplace transform),
and R, L, C, and G are per unit length transmission line parameters. A single horizontal
element (e.g. floating capacitor) is represented by atwo -port described by

1 Z(9
T= (3.75)
0 1
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where Z(s) is the impedance of this discrete element at a given complex frequency, and a
single vertical element is represented by

1 0
T= : (3.76)
Ys) 1

Other two-ports described by transmission matrices in the complex frequency s domain
may be used. Transmission matrices of all network tree branches are evaluated during
the first step of the interconnect network analysis.

Next, the load and input admittances are computed at each tree node using tree
folding procedure. The load admittance of a tree node is obtained by adding the input
admittances of the branches connected to this node and the admittance of a discrete load
at this node. The input admittance of a tree branch is a function of loads of the entire
subtree structure connected to its output.

The procedure starts at each leaf of the tree and computes the discrete load
admittance at the output of the leaf branch. Next, the input admittance of the leaf branch
is computed using

_C+DVYiu

= (3.77)
A+ B Yload

in

where A, B, C, and D are the parameters of the branch transmission matrix, and Y, is

its load admittance. Load admittance of a tree node is obtained by adding input
admittances of the branches connected to this node and the admittance of a discrete load
at this node.

Folding of the tree branches continues towards the root. The input admittance of
a branch, which is not a leaf of the tree, is computed using the node load admittance as
the branch load in equation (3.77). This input admittance is a function of loads and
two-port parameters of the entire subtree structure connected to its output. This process
continues until the root load admittance is computed.

The described algorithm for tree folding can be implemented very efficiently
using a recursive procedure. The procedure starts at the root and calls itself at each
branch. When a leaf of the tree is reached, which is easily identified by checking its
outputs, the procedure evaluates the input admittance of the leaf. After all branches at a
particular node of the tree have been analyzed, and their input admittances evaluated, the
procedure evaluates node load admittance. Then the input admittance of the branch is
evaluated and its value is returned to the higher level of the recursive call. T he procedure
stops after returning to the first level (stack of the recursive cal is empty) and performs
the evaluation of the root load admittance.

As the last stage of the complex frequency domain analysis, the required transfer
functions from the root to the specific outputs are computed. This analysis is aso
straightforward and uses a property of the cascade connection of two -ports. The
transmission matrix of such a connection equals to the product of transmission matrices
of the constitute two-ports. Such a product can be obtained very efficiently for identical
two-ports that characterize segments of the transmission lines.
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Algorithm for analysis of thetree networks
Basic steps of the algorithm for tree network analysis can be summarized as follows:
1. Compute the transmission matrix of each branch.
2. Compute the discrete |oad admittance at each node.
3. Compute the input admittance of each branch.
4. Compute the load admittance of each node.
5. For each output find a transmission matrix

T Ti1T|di1Ti2T|di2 T' (3-78)

out
where iq1,i2,...,1ox are the indices of branches on the unique path from
the root to the output node, and where T, is the transmission matrix,

which represents the load effect of the stray branches at the i-th node of
the tree (a stray branch is a branch not included in the unique path from a
given output node to the root). Matrix T, iscomputed as

10
T|di = (379)

Idi

and Y4, = Yi-VYin.,,» Where (i+1) stands for the index of the next branch

in the path from the input to the output.
6. For each output find the transfer function

Var_ 1 (3.80)
Vin A+ BYout

Each of these steps takes time proportional to either the number of nodes or the number
of branches in the tree. Since the number of branchesin atreeis equal to the number of
nodes minus one, we see that this agorithm can be completed in time which is a linear
function of the number of branches. In the hierarchical anaysis of an interconnect
network, at least one branch is described by a hierarchically organized structure (HOS).
A HOS is defined as an interconnect structure of identical cells. Each cell may contain
transmission lines, discrete two-ports and HOS's. If a cell contains no HOS then it is
considered a simple branch, otherwise the hierarchy level of the HOS isincreased by one.

Hierarchical Analysis

The concept of hierarchical analysis of high frequency interconnects is based on two
observations. The first observation relates to the existence of the identical branches in
many interconnect networks. If the branches are identical, then only one of them has to
be analyzed and all such branches have identical transmission matrices. The second
observation relates to the existence of the identical subtrees. This is often the case in
hierarchical design of VLSI circuits, where lower level functional blocks are reused to
obtain higher level subsystems. The input admittances of such subtrees are equal. Using
these two observations one can save consid erable processing time.
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Let us compare the computing effort to analyze a single, hierarchically organized
structure, with asimilar effort for the flat network analysis. Assumefirst, that we analyze
a single hierarchica level, and that the two-ports, which represent the subcircuits at this
level, are identical and connected in a regular way. A typical, regular connection of
two-ports on a single hierarchy leve is the cascade connection. Other connections, for
example serial or paralel connection of two-ports, are possible. The only requirement is
that they are repeated in every substructure present on the same level of hierarchy.

These regular connections of two-ports can be analyzed very efficiently. For
instance, the cascade connection of identical two ports can be analyzed in constant time,
independent on the number of cascaded two-ports. This analysis can be handled
efficiently using the eigenvalues and the characteristic equation of the transmission
matrices describing the cascaded two-ports.

The analysis time for the same structure in the flat network is, in the best case,
proportional to the number of sections. Therefore, the analysis can be up to N times
faster, where N is the tota number of identical two-ports in the regular substructure.
Now, let us suppose that on the next level of hierarchy similar savings are obtained and
the analysis time of the second level sections is reduced mtimes. Thus the combined
savings in time for the two level hierarchy is proportional to the product nm. If the

hierarchy is organized in such away that each level has the same number of sections, for

instance N, then the k level hierarchical structure can be analy zed up to N* times faster
than the flat level network. Thus the hierarchical analysis of regular interconnect
network can be performed in time proportional to the logarithm of the number of nodes.

Evaluation of transfer functionsin hierarchical analysis

After al hierarchical branches are analyzed, one can evauate the transfer
functions from the input to the individual outputs. Let us consider a cascade of n
identical two-ports and assume that the output is inside the two -port k (see Fig. 3.18a).
Depending on the two-port internal structure, we may design different ways to evaluate
the transfer function from its input to an internal point T; ,. The most typica structures
used in the interconnect networks are Uand T cells, built of transmission lines with
discrete loads at the output of each line. For illustration let us assume that each sectionis
a [kection with the horizontal line being a transmission line, and the vertical line being a
lower level hierarchical substructure (see Fig. 3.18Db).

.......................................................................................................
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