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Chapter 5 Synopsis
AC Circuits
M otivation

AC isthebackbone of the electric power
industry—also, about 80% of EE 315 (energy
conversion) employs AC circuit analysis

Frequency response of electric circuits (to AC
signals) isthe conceptual “key” to understanding
filters (tuners, graphic equalizers, etc.) found in
consumer electronics, etc.

5.1 Sinusoidal (AC) Sources
Generic Sinusoid: f(t) = Asin(wt +f)
where A = Amplitude, w = Radian Frequency (Rad./Sec.),
f = Frequency (Hz., formerly cps) where w = 2pf,
T =1/f = Period (in Sec., mSec., etc.) and

f = Phase angle (in Rad. or Degrees) where f_&t) issaid to
“Lag” (time delay) itsf = 0 counterpart if f <0
and “lead” (time advance) iff >0
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Remember : w = radian frequency isin
rad./sec. whereasf = frequency isin Hz.

5.2 Steady-State Response of Circuitsto AC Sources

Below isasimple example of an AC circuit analysis problem.
Note that the circuit is driven by an (ideal) AC voltage source
The presumed objective is to find the steady-state current i(t)
N.B.: Problems of thisilk are endemic to (inter alia)

the electric power engineering field.

—_m So how’s

10cos(3Y) VC’) 2H it done?
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5.2 Traditional Differential Equations Approach

KVL for the RL circuit below yields the differential equation:
2(di(t)/dt) + 3i(t) = 10cos(3t)
The mathematical objectiveisto find a particular solution of
the equation (i.e., any solution that will satisfy the equation)
The standard approach isto choose
i(t) = 1.cos3t+ 1 ;sin3t (an educated guess, but why?)
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5.2 Traditional Differential Equations Approach

Substituting i(t) = I.cos3t + | ;sin3tinto the differential
equation 2(di(t)/dt) + 3i(t) = 10cos(3t) yields:
2(-31 .Sin3t + 31 (cos3t) + 3(1 ccos3t + Issin3t) = 10cos(3t) or ...
(3l +6lg)cos3t + (- 6l . + 3l ) sin3t = 10 cos3t + 0sin3t
Equating coefficientsyields:
3l.+6l5=10 and -6l.+3lg=0
Which have solution|-» 0.667 and I5» 1.33
So aparticular solution isi(t) » 0.667 cos3t +1.33sin3t
However, A .cog(wt) + B-sin(wt) =
(A% + B?)Y2 cos(wt - tarr 4(B/A))

\ () » 1.491cos(3t - 63.43°)

There s got to be a better way!

And there is, thanks to Charles Proteus Steinmetz (1865-1923)

5.2 Traditional Differentia Equations Approach
However, before proceeding, note that the circuit’s
current response to the sinusoidal voltage source is
i(t) » 1.49cos(3t- 63.43°) A.

How do the voltage source and current response differ
mathematically?

They differ by only two number s¥a magnitude (10 V.
versus 1.49 A.) and phase angle (O° versus - 63.43°)!
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5.3 Complex Numbers and Complex Arithmetic

The phasor method (invented in 1893 by Charles Proteus
Steinmetz, 1865-1923) is the backbone of AC steady-state
circuit analysis

The principle benefit of the phasor method is that its
concepts essentially render AC steady-state circuit analysis
analogous to DC steady-state analysis¥s by way of complex
arithmetic % so that the entire differential-equations process
is circumvented!

However, in order to gainfully employ the phasor method,
the electric circuit analyst must be proficient in working
with complex numbers, complex arithmetic and complex
algebra

5.3 Complex Numbers and Complex Arithmetic cont.

A complex number manifestsitself in two
forms¥s and consists of two numbers (per
form) and presents itsalf as a vector in the
complex plane as shown below

C=a+jb (Rectangular form)

C=Cédi=Clg (Polar form)

where
j=(-D¥2, a=ReC)=Ccosq, b=Im(C)=Csing
C= (& + )R and q = tan(b/a)




5.3 Complex Numbers and Complex Arithmetic cont.

Addition and subtraction of complex numbersis
defined in rectangular form only as follows:

IfA =a+jbandB=c+jd then
A+B=(a+c)+jb+d) and
A-B=(a- ¢ +jb-d

Multiplication and division is defined in polar form
as follows:

If A =Alg, and B = Blgg then

AB = AB/Q,*+ Qg and
A/B=A/Blg,- g

and in rectangular form asfollows....

5.3 Complex Numbers and Complex Arithmetic cont.
Multiplication and division in rectangular form:
If A=a+jbandB=c+jd then
AB = (a+jb)(c+]d)
= (ac- bd) +j(ad+bc)  and
A/B =(a+jb)/(c+jd)
=[(ac+bd) +j(bc - ad)]/(c? + )
Also, the conjugate of aphasor A=a+jb=C[qis
A"=a- jb=C/-g sothat AA"=(a+]b)(a- jb)
=@+ =C? aso...
1=+1+j0=1/0 ;-1=-1+j0=1/+180°
and j= 0+j1=1/90°

5.3 Complex Numbers and Complex Arithmetic cont.
Given: A =1 - j3and B = 2/- 30°, the following complex
arithmetic yields the following numerical results (see text
Problem 5.7, p. 202):

A+B=(1-j3)+2-30 »(L- j3) +(1732- j1)
»2.732 - j4 » 4.844/- 55.67°
A-B =(1-j3)-2-30°» (1- j3) - (1L.732- j1)
»-0732- j2 » 2.130-110.1°
AB  =(1-]3)(2-30°» (3.162- 71.57°)(2- 3C°)
» 6.324- 101.57°) » - 1.268 - j6.195
A/B  » (3.162-7157°)/(2- 30°) » 1.581/- 41.57°
» 1.183- j1.049

1A » 10°/(3.162/- 7L5P) » 0.3163/+7L57°
»0.1- j0.3 andAA™» 3.162 » 10.0

5.4 Use of Complex Exponential Source

The complex-exponential-source technique is the
conceptual bridge to the forthcoming phasor technique
(which is ubiquitousin practice)
In AC steady-state circuit analysis, sinusoidal sources
are mathematically related to complex exponential
sources via Euler’s Equation: € = cos(x) +jsin(x)
(Euler’s Equation provides the mathematical bridge)
Any particular solution for exponential source(s) is also
acomplex exponential, and is much easier to determine
than its sinusoidal counterpart¥4in fact, it can be found
using (complex) arithmetic alone!
Finally, the particular (trigonometric) solution for any
AC circuit can be readily deduced from its complex
exponential counterpart

5.4 Use of Complex Exponential Source cont.

Recapitulating, the exponential-source
technique providesthe bridge to the
phasor method

To see this, consider the circuit analyzed
earlier (using differential equations) ¥ but
now driven instead by the exponential
counterpart of its original sinusoidal
source, namely ...

5.4 Use of Complex Exponential Source cont.
Thedifferential equation is: 2(di(t)/dt) + 3i(t) = V(1)
L et the particular solution resemble the source so that

it too isacomplex exponential differing from the

source only in magnitude and phase angle; i.e, let

i(t) = le®where | is an unknown complex number
+ 3i(t) -
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5.4 Use of Complex Exponential Source cont.
Then 2(di(t)/dt) + 3i(t) =V (t) or ...
2(d(1e)/dt) + 3(1€%) = 10e* V. or...
2(j3)1 €%+ 3(1%) = 106 V. or ...
(3+]6)1€% =10% V. and the &% factors (time
functions) cancel leaving ...

+ 3i(t) -
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5.4 Use of Complex Exponential Source cont.
| =10/(3 + j6)¥swhich is an equation in complex
numbers ina/ (no time functions at all) which yields
the magnitude and phase angle unique to the current
response, namely ...
| =10/0°/(3 +j6) » (10/0°)/(6.71/63.43°)
» 1.49/- 63.43° (Do these figures look familiar?)

+ 3i) -
T 3w
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vy = 080 v. () 2H.L 2=
it)

5.4 Use of Complex Exponential Source cont.
Therefore, i(t) = 163 » 1.49- 63.43°6% A.
» 14% j63 43“@31 A » 14% (3t 63.43°) A
and ...

If V() = 10cos(3t) V. = Re[10ei* V], what'si(t)?
i(t) » Rg1.49€/ (363439 » 1.49cos(3t - 63.43°) A.
Likewise
If V4(t) = 10sn(3t) V. = Im[10e* V], what'si(t)?
i(t) » Im[1.49¢/ - 634391 » 1.494in(3t - 63.43°) A.

Thefinal task is to develop a method to
streamline the cal culations even further

Thismethodis...

5.5 The Phasor Circuit (Method)

Recal that , | = 10/(3 +}6) which isan equationin
complex numbers (no time functions at al!)
How does this compare with the calculation of
| =10/0°/(3 +j6) W» (10/0° V.)/(6.71/63.43° W)
» 1.49- 63.43°A. for the conceptual circuit below;
i.e., do these current results ook familiar?

N.B.: Where's YN

the differential 3w
equation? +
V,=10/0° V. C’) 6 WX j6W |

Phasor Circuit -
(No time functions)
|

=

5.5 The Phasor Circuit cont.

The phasor circuit can be redrawn as shown below
Note that the phasor circuit provides a (conceptual)
schematic tool for finding the magnitude and phase angle
of the current (which are its only unique properties!)
Of thecomplex numbers V., Z and |, which do not
correspond to time functions?

NB.: Where's + Zx1=(3+]6) Wl
the differential (e, Ohm' s L aw)
equation? Z=3W+j6W

= @B+je)W [
| (Impedance concept)

V. =100° V.

By KVL,| =V./Z = (10/0° V.)/ (3+]6)W » 1.49/- 63.43°A.

5.5 The Phasor Circuit cont.
Only currents and voltages are phasors
(i.e., have time-function counterparts)
Don't believe it? Then what's Z(t) for the phasor circuit
below if the phasors correspond to cosinusoids
(sothat V {t) = 10cos(3t) V. and i(t) » 1.49cos(3t- 63.43°) A.)?
SinceZ = (3 +j6) W» 6.71/63.43° W,
isZ(t) » 6.71cos(3t - 63.43°) W for example?!
N.B.: Where's + Zx1 =(3+j6)W-l
the differential (e, Ohm sl aw)
equation? Z=3W+jBW
= (3+je)W [
| (Impedance t phasor)

V, =10/0° V.

ByKVL,| =V /Z = (10/0° V.)/ (3+6)W » 1.49/- 63.43°A.




5.5 The Phasor Circuit cont.
The “Rules and Regulations” for phasor sources and impedances are
developed in text section 5.5 and are summarized below

| +

Zc = 1jwC = - j(1WC) Tv = (Ljwe) | =-j(1WC)!

N 'l
Zz=R V=R Z, =jwL <V =jwLl
|
vsa? =Vl lsa]D =il
Can represent Vsinfwt + g) or Can represent Isin(wt + @) or
Veog(wt + q)¥ but not both at once! || Icos(wt +q)¥sbut not both at once!

5.5 The Phasor Circuit cont.
The following equations from text p.171 are useful in reconciling
situations where both sinusoidal and cosinusoidal sources are present

sin(wt + ) =cosg(wt +q- 90°)
cos(wt + ) =sin(wt + g +90°)
(see example below)

If Vcos(wt + q)’'s phasor representationis b (#V lq

Then Esin(wt + f )’ s phasor representation is b é’) E/f - 90°

5.5 The Phasor Circuit cont¥% Example 5-1

Find the AC steady-state current i(t) ¥ see text problem 5.26 (p.204)
Let the phasors represent cosinusoids so that the current
source’s phasor current is 3/30° A
Then the voltage source's phasor voltage is 10/- 90° V
The capacitor’ simpedanceis - j{ 1/[(3 Rad./sec.)(1/9 F)]} =- j3W
So the phasor circuit becomes ...

3w
o[ (5
10sin(3L) V. I —; F 3cos(3t + 30°) A.

5.5 The Phasor Circuit cont¥ Example 5-1 cont.
KCL at noden:
(10-90°V. - V) /3W-V, / (-]3W + I3 A. = 0A.
Which has solution V, » 6.745/- 80.21° V.
Thenl =V, /(-j3W »225/+979° A.
\ i) » 2 25cos(3t +9.79°)

0-90 (’g I 13 Wé)s/30°

Voila!

5.6 Average Power, Reactive Power
and Power Factor

What' s the nature of power in AC steady-state
circuits? Consider the following RL circuit ...

What' sthe circuit’ sinstantaneous power P(t)?

v(t) =V pcog(wt) V.
i)

5.6 Average Power, Reactive Power
and Power Factor cont.

Applying KVL to the phasor circuit below yields
the current’s phasor from which i(t) is deduced

Then the instantaneous power is P(t) = v(t)i(t)

R
V = VO V. jwL
I

V0° V0 Vv - )
Rl = Zig = EE/—O' =lplg \ () =1,co8wt- q)A.

Where Z = [R? + (wL)3*and q = tan"}(WL/R)




5.6 Average Power, Reactive Power
and Power Factor cont.
P() = V(i() = Vpcos(wh)l scoswt - q)
= 0.5Vdpcos(q){ 1+ cos(awt)} + 0.5Vplpsin(g){ - sin(2wt)}
Recall from text p. 39 that X,,.= X ... /2 \ since2= (2¢2,
P(t) = Vgruslruscos(a){1 + cos(2wt)} + V gy drus sin(a){ - sin(2wt)}

\ P(t) =P (1) + Qf (D), where ...
P=Viuslrms €0(0) & Q =ViyslgusSIN(Q)
are constants and

fo(t) = {1 + cos(2wt)} and f o(t) = - sin(2wt)
are timefunctions

5.6 Average Power, Reactive Power
and Power Factor cont.

What’ s the physical meaning of the plots shown

below of each of the two termsin P(t)’s sum?
This waveform is never negative fo(t) = P{1+ cﬁz,w[))

so its associated energy flows out

of the source and does notreturn, | "SHXHE |— Average = P
°

The energy associated with this .

waveform flows in and out of the fo® = Q- sn2wt)} Average=0

source and its net value is zero 0,

N.B.: The average of P(t) = Pf(t) + Qf(t) isP\ P isaverage power

Q: Remember what P is?

:: .';
L

 It'swhy Mr. DVM isupset!
N.B.: Given the CB hasn’t tripped, estimate the
maximum power (in hp) Mr. DVM is absorbing.

D>

Q is“sloshing back & forth” power
which occurs as a consequence of LC
energy storage charging & discharging
inthe AC environment

The energy associated with this 3
waveform flows in and out of the fo® = Q- sn2wt)} Average=0
source and its net value is zero +Q

P is thebusiness end of AC power, whereas, although Q isapart
of the AC power package, it’s not particularly useful power (in
fact, it can be a problem, e.g.; see power factor correction)

5.6 Average Power, Reactive Power
and Power Factor cont.
P and Q as sides of the Power Triangle and

P and Q asthereal and imaginary parts of
complex power S (whosemagnitude Sis
m  caled apparent power)

S=P+jQ=Vruslrmcosq +V ryslrussing
S=Sel =5 = Vruslrusd

Complex power (Sz isa
mathematical artifact!

N.B.: giscalled thepower factor angle where the power factor is
either cos(q) lagif q >0, cos(q) leadif g < O or unity (q = 0)

5.6 Average Power, Reactive Power
and Power Factor cont.

What' s complex power S in terms of
RM S voltage and current phasors?

What are RM S phasors?
An RMS phasor isit’ straditional (peak)

phasor counterpart divided by
(seetext p. 39)

Then complex power S = Vi d aus®
WhereV,s=V/@ andlg,=1/C2




5.6 Average Power, Reactive Power
and Power Factor cont.

Then since

Remember : Before making

from phasors, always convert
traditional (peak) phasorsto
RMS phasors!!

complex power S =V, d.,. besureto

any power related calculations

5.6 Average Power, Reactive Power
and Power Factor¥s
some useful formulae
| + Vays= (R+jXL)IRMS -

® Z=R+jX,

where X, =wL
(Inductive ﬁeectance)

S:VRMSI RMS* = RIzRMS+jXL|2RMS: P+JQL

\' P=RI%yusand Q, =X 1%ys

(Note similarity to DC formulae)

5.6 Average Power, Reactive Power
and Power Factor¥a
some useful formulae cont.

|RMS

where X, =wL
(Inductive Reactance)

S= VRMSI RMS* = VZRMS/R+ szRMS/xL =P+ JQL

\ P=VZ%,,JRand Q =V2g,dX,

(Note similarity to DC formulae)

5.6 Average Power, Reactive Power and
Power Factor¥s Example 5-2

Calculate the complex power produced by the
source and consumed by each passive element
(seetext problem 5.31, p. 205)

5W J
2sin(3t) A.C) <

5.6 Average Power, Reactive Power and
Power Factor¥s Example 5-2 cont.

Phasor circuit: w=3 Rad./Sec., jwL =[j3x2 =j6 W,

- j(UwC) =- j5W, and the source phasor is 20° A.

By current ., | =[-j5W(5 W+ j6 W-]j5W)]2/0° A. Ergo,
1» 1.961/- 101.3° A. and by KCL, | . = 2/0° A. - 1 Ergo
I » 3.063/38.89° A. andV =- j5Wx I » 15.32-51.1° V.

ZIQ"A.<-> \Y; ! T -i5W

5.6 Average Power, Reactive Power and
Power Factor¥s Example 5-2 cont.

Dividing each current and voltage phasor by ¢2  yields
the RM S phasors: 1.414/0° A. (source phasor),

lgws» 1.387-10L3°A.., | yys » 2.166/38.89° A. and
Veys » 10.83-51.1° V.

+
5w

| £ .
2 [0 () Vews 1 T isw
A. j6W

IC.RME




5.6 Average Power, Reactive Power and
Power Factor¥s Example 5-2 cont.

Then the SOUrce' s complex power isVy,, (L4140 A )
» 15.31/-51.1° VA, » 9.61W - j11.91 VAR

The complex power of the resistor, inductor and capacitor
are respectively (1rvs)?R = (1.387 A.)2(5W) » 9.61W,
(X, = j(1.387 A.)2(6W) » j11.52 VAR and

- (Vaud?Xe =-j(10.83 V.RI5W» -[23.46 VAR

|s complex power
conserved here? 5W +
1.414/0° A, () 1387L10L3A) - j5 10.83-5L1° V.
BW -
| 2.166/38.89° A.

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application
S=Plcog(q) = 12 KW/0.6 = 20 KVA =V yslrus
\ laus = 20 KVA/120V » 167 A. (RMS)

Ergo, Linelosses = 125, gR e » 2.78 KW

Line

(» 23% of load power)
andV ;. =R indrus» 16.7 V (» 14% of load voltage)

Electric Power Co. Consumer; e.g., factory

1
+ V.- ® +
Line | Load drawing
©) | 12KW a 0.6
< | 120V gy lagging power
: factor
I
1

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application cont.

Theload's complex power is S 4 =P +jQ
=12KW +juS g 8n(Q) = 12 KW +j20KVAx 0.8
=12KW +j16 KVAR

Next, add -j7 KVAR of capacitancein paralel with
the load to obtain ...

Rline=01W
S VN s

T
- ®
* Viine | Load drawing
o) | 12KW a 0.6
| 120V gy lagging power
: factor
I
1

Electric Power Co. Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application cont.

The net (load and capacitor) complex power is:
Swer =Sl -J7KVAR=12KW +j16KVAR -j7 KVAR
=12 KW +j9KVAR » 15/36.87° KVA
N.B.: Net Power Factor = cos(36.87°) Lag = 0.8 Lag

Syer

+ VLme' ® +

Electric Power Co.

|
}
|
| :
(+) | 120Vays - i7KVARAR 12KW +]16 KVAR
|
|
! Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application cont.

Then Sy = 1I5KVA =V gy s = (120 Viy ) s Yi€lds
laws = 15 KVA/120 V. = 125 A. (RMS) Ergo, ..

Linelosses = 12, gR e » 1.56 KW (» 13% of load power)

and V.= Rindrus® 12.5V (» 10.4% of load voltage)
Who saves how much (annually) if electricity costs 10¢ per KWh?
ET

Rk s
)
T
+ VLine' | ® +
I i == 12 KW +j16 KVAR
(+) | 120Vgys - i7KVARAR j
|
|
I

Electric Power Co.

. Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application

Example 5-3
For the previous power factor correction
application, what’ s the source' s apparent ﬁower,
power factor and voltage magnitude with and
without the power factor correction?

T
+ V B ® +
Line | Load drawing
Ov | 12KW a 06
Source I 120V RM |agg|ng power
: factor
I

Electric Power Co. Consumer; e.g., factory




5.6 Average Power, Reactive Power and
Power Factor Correction: An Application
Example 5-3 cont.
Without correction, the source produces Sg,rce =
S oad (12 KW +j16 KVAR) + (2.78 KW
+j0 KVAR) 14 78 KW +16 KVAR = 21.78/42.27° KVA
\ ' the apparent power is 21.78 KVA and the power factor is
cos(42.27°) Lag = 0.74 Lag

RUW}J\()'\]‘ w IlRMS
|
* Viine - : ® Load drawing
® Ve | 120V gy ?;S.YL gz)\?vvgr
: ) factor
|
1

Electric Power Co. Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application

Example 5-3 cont.
The current is Iy,s = 167 A. and the apparent
power (Veyee lrws) iS2L.78 KVA

\ Veue =21L78KVA /167 A.=130V. (RMS)
R'—"f\;\(/)'\l w ! lrms
+ V.- HG) +
Line : Load drawing
12KW at 0.6
G) V source | 120V gu lagging power
: factor
| -

Electric Power Co. Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application

Example 5-3 cont.
With correction, the source produces Sqrce = Syet T Sline =
(12KW +j9KVAR) + (L56 KW +j0 KVAR) = 1556 KW+ j9
KVAR = 16.27/33.57° KVA \ the apparent power is 16.27 KVA,
the power factor is cos(33.57°) Lag = 0.83 Lag and Igys= 125 A. 0
that V gpuee = 16.27 KVA /125 A. =130 V. (RMS)

ST

Riine=01W

AN lrus ®
+ VLine - +
12 KW +]16 KVAR

Electric Power Co.

|
.
T
|
|
O Ve | 120Vays - i7KVARZR
|
|
! Consumer; e.g., factory

5.6 Average Power, Reactive Power and
Power Factor Correction: An Application

Example 5-3 cont.

Summary
PE Correction Apparent Power! Power Factor? Source Voltage®
Without 21.78 KVA 0.74 Lag 130V.
With 16.27 KVA 0.83 Lag 130V.

1 Apparent power is germane to the source' s size (rating) and therefore its capital
cost

2 The power factor indicates the percentage of the source's apparent power that is
real power (83% versus 74%) and thus is a measure of the source's efficacy

3 Although this voltage isinvariant across cases here, in practice, voltage regulation
isusually improved by power-factor correction

5.6 Average Power, Reactive Power and Power
Factor¥s Maximum Power Transfer
The steady-state AC version of the maximum power transfer theorem
issimilar to its DC counterpart (but the numbers are complex) and is
shown bel ow¥4 see text pp. 183-185 for its (calculus) derivation

Note that both the (Thevenin) phasor circuit’s voltageV 1, and
impedance Z, are complex numbers

Therulesfor obtaining the Thevenin circuit remain: Vth =V goen circuit
and Zth = circuit impedance remaining after all independent sources
are deactivated

ZTh

Z,| gad = Z* 1y, for maximum (average) power
transfer from the Thevenin circuit to the
load¥s Ry, = Z 1, (magnitude of Zyy,) if the
load is purely resistive

5.6 Average Power, Reactive Power and Power
Factor ¥ Maximum Power Transfer cont.
Example 5-4

30 H

Ve Y
120cos(t) V.é 1 E ‘ ‘
)
| i(t)

I
1

<
Calculate the turnsratio N,/N, which will maximize the average power consumed by
the resistor, the corresponding maximum average power and the resistor current i(t)

N; N,

l j3ow ﬂ‘ N.Z
|
e . H %SW
| I |
Iy =




5.6 Average Power, Reactive Power and Power
Factor¥; Maximum Power Transfer cont.

Example 5-4 cont.

0w NN

e o
1200 V. ” %5w
10w
IL |
I N

Reflecting the resistor across the transformer yields:

30 W
120, V. é

jlow
| IL v

IX -

Ry = (NyN2 " 5W

5.6 Average Power, Reactive Power and Power
Factor¥%, Maximum Power Transfer cont.

Example 5-4 cont.

j30 W

120, V. R, = (NN 5W
10w o = (NN

I L
=

Combining the two series reactances yields the (resistance-loaded) Thevenin circuit:

'a'a o\

Z,,=j20W
Vi, =120000 V. Ry = (NN 5W

5.6 Average Power, Reactive Power and Power
Factor% Maximum Power Transfer cont.
Example 5-4 cont.
VY
[ Zr,=i20W

@ Vrh =120/02V. Ry = (NN 5W

For maximum average power, Rg, = (NYNo)? " BW=|Z|=20W
\ NN, =2

Then I’ = [Vy,= 1200 V] /(Zy, +R=(20+j20) W = 32 [-45° A,

5.6 Average Power, Reactive Power and Power
Factor¥% Maximum Power Transfer cont.
Example 5-4 cont.

§30 W Ne Ne

o o
120/ Q° V. ) ” 5W
j10w ,
Tl I
| a— -

Asaresult of the transformer’ sturnsratio, | = (N4/N,) I’
\ I =(Ny/Ny) I' = 27302/ - 45° A. = (6¢2)[ - 45° A. so that

i(t) = (662)COS(t - 45°) A. » 8.485COS(t - 45°) A.
and |y s=|I|2 =6 A. sothat Pye, mex. = (lrwo? = 5 Wyields:
P =180 W.

ave., max.

5.7 Frequency Response of Circuits

» Time-domain signals have a frequency-domain counterpart,
e.g.; music is atime varying sound signal with, inter alia, bass,
mid-range and treble characteristics (components)

« The concomitant mathematical relationships were discovered
in 1822 by Jean Baptiste Joseph Fourier (1768-1830)

« Seetext equation 5.129 (p. 185) and its accompanying Figure
5.20 (p. 186) = next slide, as well astext Appendix C (p. 753)

« Signals of all sorts (e.g., sound) can be converted to electrical
signals (voltage and current waveforms) viatransducers

« Electrical signals can be “processed” by electric circuits
because electric circuit behavior is frequency dependent

5.7 Frequency Response of Circuits cont.
| 177 [




5.7 Frequency Response of Circuits cont.

6 Fourier Coefficients

J

30 Fourier Coefficients

120 Fourier Coefficients

5.7 Frequency Response of Circuits cont.
 Congder the circuit of text Figure P5.39 (p. 207)
whose phasor circuit is shown below
« Voltage division producestheratio (transfer
function) H(jw) = VIVg = (- j15w)/(5 - j15/w)
= 1/(1 + jw/3) whichinthiscaseis gain
(i.e, what are H’ s units?)
5W

+

vszvgg°v.<5| —le/wW:l-l Y%

5.7 Frequency Response of Circuits cont.

* Thistransfer function can be written in polar form as
H(jw) = M(w)/g(w) where:

MWw) = {1[1 + W/3)2]*} andq(w) =- tan- }(w/3)

* So both the gain’ s magnitude and phase angle depend
on frequency; i.e, M(0) =1 (whichisalsoM’s
maximum) and q(0) = 0° whereasLim[M(w)] and
Lim[q(w)] asw® ¥ are0and - 90° respectively

* Notealso that for (W/3) >> 1, M(w) » 3/w (which
means higher gain for lower frequencies)

* What'sM(w) and q(w) when w = 3 Rad./Sec.?

5.7 Frequency Response of Circuits cont.

e M@3) ={U[1+(3/3)3]#} =1L andq(w)=-45°
which isthetransfer function’s half-power point

* Why the moniker half-power point?

* Suppose V¢ =V 4/0° V. for al frequencies (i.e., al w)

* Then the maximum output voltage V.., =V g occurs at
w=0sinceV=MWVgand M =M(0) =1

 Impressing this voltage across aload resistor yields the
maximum output power P, =V 2/R_

* The output voltage at w = 3 Rad./Sec. isM(3)V ¢ =
V¢ /& and the corresponding power is (Vg /2)?/R, =
[V&AR]2=P,,[2 (halfof P

max)

5.7 Frequency Response of Circuits cont.
A plot of M(w) is shown below

Gain Magnitude vs. Frequency
1

0.8
0.707 —— — -
> 0.6

&
04
©
8oz
0 A

Frequency (Rad./Sec.)

Remember : w = radian frequency isin

rad./sec. whereas f = frequency isin Hz.

P 2k, |

MERTZ  MAGH WERTZ  Gigh HERTZ |
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5.7 Frequency Response of Circuits cont.

A plot of g(w) is shown below

Gain's Phase Angle vs. Frequency

Frequency (Rad./Sec.)
0%.3,5,,, 40, 15

S AN
S & o

Phase Angle
(Degrees)
&
o

=
o
o

5.7.2 Filters
The RC circuit just considered is alow-passfilter
because the magnitude of its gain M(w)

favorslower frequencies
Gain Magnitude vs. Frequency

1
08
0.707 _"_0; r
(5 y < 0.4 I
\ : =l
s -JlS/WW]\V 02 :
- 0
0 35 10 15 18
Frequency (Rad./Sec.)
Transfer function’s gain magnitude = v:H (jw)%= »V/V ¢4= V/IVg = M(w)

N.B.: If the capacitor’s voltage favors low frequencies, one can
intuit that the resistor’s voltage favors high frequencies (why?)

5.7.2 Filterscont.

Other types of filters are possible and are
developed in text section 5.7.2 (pp. 190-200)
using the generic prototype shown below

The results for each filter are...

5.7.2 Filterscont.
Low-pass filter .

Rs \JA\,Cﬁ g | ]
v’ %a
Source L oad

H(Gw) = 1lg/ V[0 ={VI0°/ (Rs+ R_+jwL)}/ VI0°
for which

.1 L
M(w) = Rs+R." (1 +[WL/(Rg+ R.)])"

Which has a cut-off (half-power) frequency of we = (Rg + R )/L

Re |
vd) Filter % R
Source Load

5.7.2 Filterscont.
Low-pass filter
®
Re mﬁ g ||
vio° % R
Source Load
M(w)
e E—
|
|
I W

we=(Rs + R)IL

5.7.2 Filterscont.

High-pass filter
i€ >
Rs - jU(wC) R
vi° %a
Source Load
H(w) = 1lq/V[0° ={V[0°/ [Rs+ R, - j(IWC)]}/ V[O°
for which

MW= RAR (17 [WwCRT RO

Which has a cut-off (half-power) frequency of we = 1/[C(Rs+ R,)]




(Lower han power frequency)

B=w,- W= (Re+ ROL

Q=w,/B=w,L/Rs+R,)
(Bandwidth)

(Selectivity)

5.7.2 Filterscont.
High- passfllter
B ~ i€ |& I
vi© jU(wC) %RL
Source Load
M(w)
il b ﬁ
|
|
We=V[C(Rg+R)] w
5.7.2 Filterscont.
Band- passﬂlter
M) Rs”‘t{u{[l szc1/[w<:(Rs+RL)}2}/2
E=l I
|
ROSZ[:L ________ +
b
b

()] et w2 ()]
(Upper half-power frequency)

5.7.2 Filters cont.
Band-passfilter

vy, i€ e
Rs i -juwe) | ' |
Vio° %RL
Source

Load
H(Gw) = 1lg/ V[0 ={VI0°/ [Rs+ R_+jwL - j(VWC)]}/ V [C®
for which

MW= Faim L .
Rs+ R 114 {[1- w2LC] /[WC(Rs + R} 3%

5.7.2 Filterscont.
Band-reject filter

W ©
Rs jwl | Ilq |
Vio° — R,
-jUwC)
Source

L oad
H(w) = 1@/ VIQ =V[0° I [Rs+ Ry + (jwL) ¥4(- j(LwC))]
for which

MW)= e 1
Rs * R {1+ {WLI(Rs+ R)]/ [1- w2LC]}3 %

5.7.2 Filterscont.
Band reject fllter

M(w) =

RS* RO{1+{ML/(Rs+ RL)1 /11- w2LCl}3*

— — —

T 1 W
w, = 1/(LC)*
w=-a+ (az + WDZ)VI (Ce%ter frgqueglcy) w,=a+ (a2+ WOZ)V’
(Lower half-power frequency) . (Lower half-power frequency)
2= RAR)
B=w,- w=V[CRs+R,)] T

Q=w,/B=w,C(Rs

(Bandwidth) (Selectivity)

+R))

5.7.2 Filterscont.

Example5-5
1{
R= 50W 4 G |
Vdt) Vi % R _=100W
Source

Load
Design the band-pass filter to have a center frequency of 1 MHz.
and abandwidth of 10 kHz. What'sthisfilter’'s Q?

W, = 2pfy = 20" 10° Rad./Sec. = 1/(LC)** = (Center frequency)
B = 2pfg,, =2p” 10* Rad./Sec. = (Rg +R|)/L = 150WIL (Bandwidth)
\ L =150W/ (2p" 10*Rad./Sec.) » 2.39 mH

and C = 1/ (wq?L) » 1/[(2p” 10° Rad./Sec.)? 2.39 mH] » 10.6 pF
and Q = w,/ B = (2p” 108 Rad./Sec.) / (2p” 10* Rad./Sec.) = 100




Recommendation: Use spreadsheet software
to solve homework problem 5.47

e -

105 Problems\  » 11 per week

Examination

| dentify the EE instrumentation shown beow
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