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4.1 Energy Storage Elements: The Capacitor

4.1 Energy Storage Elements: The Capacitor

FIGURE 4.2
Physical
construction of a
capacitor to
occupy a small
SpEce

- Diglectric

4.1 Energy Storage Elements: The Capacitor

* Voltage V (in Volts) applied to the conceptua capacitor
shown causes a charge Q in Coulombs to be deposited
on the top plate

« Thetop plate’s charge pushes an equal amount of
(displacement) charge off of the bottom plate, leaving a
negative (absence of) charge - Q on the bottom plate

« The relationship between the applied voltage and
chargeisQ =CV (Cisin Faradswhen V isin Volts
and Qisin Coulombs; i.e.,, 1 F =1 Coulomb per Valt)

4
:

d Q=CVv

T c=884+10%2 (A/d)
Energy isstored in the electric field
existing between the plates

4.1 The Capacitor cont.
* Q(t) = Cv(t) , where C is constant
« Differentiate both sides with respect to time to
obtain dQ(t) /dt = C » dv(t)/dt
» However, dQ(t)/dt = i(t) (current) \
i(t) = Cxdv(t)/dt, where the passive sign
convention is built into the formula (see bel ow)

i) = cw'(‘j’tt and

1

S . Jo 14t
CT v = Qe = ¢ Gdt + T GOak

=v(t,) + %d(t)dt




4.1 The Capacitor cont.
 Stored energy = W(t) = CV /2 (see below)

W) = c‘i(t)dt = c‘i(t)i(t) dt

C (t)dv(t) = Cv(t)2 CV( ¥)?
\ Q( ¥)

W(t)

E Cv(t)2  (Assuming no initial stored energy)

4.1 The Capacitor cont.
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Text Example4l [
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4.1 The Capacitor cont.

i(t)

Text Example 4.2
(pp- 109-110)

4.1 The Capacitor cont.
Example 4-1

vit) i®)

®
9V. 4 = =
vy (*) os5FAR 3W
t(Sec)
2

1

Sketch the source current i(t) and calculate the following:

A. The capacitor’s maximum stor ed energy

B. Thetotal energy consumed by the resistor

C. Thetotal energy supplied by the source

D. Thetotal charge that flows through the resistor
E. Theresistor’s average voltage

4.1 The Capacitor cont.
Example 4-1 cont.
v(t) it) ir(®
9V. 4 = = ® ®
vy (*) o5Fms 3w
L) —ic®

1

a V., O£ t£ 1sec.
v(t) =4 -9%t+18 V., 1£ t£ 2sec. ig(t) = V(t)/3W ad i (t) = 05F " dv(t)/dt
0 V., Elsewhere

Therefore

X A., Of£ t£ 1sec. +45 A, 0< t< 1 sec.
ir0=9Q -3t+6 A, 1£t£2sec. and i)=< - 45 A, 1< t<2sec.
0 A

., Elsewhere 0 A., Elsewhere

andKCL yields  i(t) = in(t) +ic(t)

4.1 The Capacitor cont.
i Example 4-1 cont.

k1 A., OF t£ lsec.
3A. “ﬁ i)=qd -3t+6 A, 1£t£ 2sec.
—_— t(Sec) 0 A., Elsewhere

45A. | . +45 A, 0< t< 1sec.
id)=q - 45 A, 1< t< 2 sec.

0 A., Elsewhere

t(Sec)

4.5A;

- -15Af1-- -\I
S45AF === ==

0 A., Elsewhere

|

|
T75AT ==

| 3t+45A., 0<t<1sec.

| it)=<4 -3t+15A., 1< t<2sec.

!

t(Sec)




4.1 The Capacitor cont.
Example 4-1 cont.

v [0
9V. ®
‘ v) () 05Fs 3w
t(Sec)
1 2

We=5C 2

So the capacitor’ smaximum stored energy is
05 C (Ve )?=05 05F (9V.)2=20.25
J

4.1 The Capacitor cont.
Example 4-1 cont.

v(t) i®

®
V.t = =
vy (*) o5FAR 3w
; t(Sec.)

1

¥ 2
W= QOR(t)dt = (?/(t)Z/S\th

2

1
= JONV.P /Wt + (§ Ot + 18V /3Wek =183,
1

4.1 The Capacitor cont.
Example 4-1 cont.

V(D it

®
9V. 4 = =
vy (*) o5FmR 3w
t(Sec)
2

1

The capacitor can neither consume nor create energy¥ it can only
store energy

The voltage is nil for 03 t3 2 seconds so thereis no net stored
energy in the capacitor over the timeinterval 0 £t £ 2 seconds

Therefore it follows that the energy supplied (produced) by the
source equals the energy consumed by the resistor (whichis 18 J.)

What is the temporal behavior of the capacitor’s stored energy?

4.1 The Capacitor cont.
Example 4-1 cont.

i) = V(D)/3W it

®
3A.+—-—
vy (*) os5FAR 3W
t(Sec)
2

1
2

Q= _(5R(t)dt = /(0 /3wt

0

= (‘313tA.)dt +§-3t +6A.)dt =3C.

andV,,,=Wy/Q,=18J./3C.=6J/C.=6 V.

4.1 The Capacitor cont.

e Capacitancein pardlel adds:
Cu=Ci+C, +..+ C,

4.1 The Capacitor cont.

 Capacitance in series adds reciprocally:
Ctol-l = Cl-l + (\Q-l Tt Cn *

1 t 1 !
+a@(t)dt— +E ( t)dt—
B S S "
+L At - +& At)dt -
S, C c,Q
il o'
V|D[
_ t t
KVL: Vo= Sa O0dt = & 0t
tot i= C:J Y Cto! -¥




4.2 Energy Storage Elements: The Inductor

4.2 Energy Storage Elements: The Inductor

 Energy isstored in the magnetic field
created by the current flowing in the coil
(wrapped around a Ferromagnetic core)

] YT

|

Ow 9 VO =g
|

Energy is stored in the mag-
netic field near the core
_— ==

Core

4.2 Energy Storage Elements: The Inductor

The Unit of Inductance (L) isthe Henry

4.2 The Inductor cont.
y =Li(t) , where L is constant
« Differentiate both sides with respect to time to
obtain dy (t)/dt = L = di(t)/dt
* However, gy (t)/dt = v(t) (voltage) \
v(t) = L xdi(t)/dt, where the passive sign
convention is built into the formula (see bel ow)
+ di(t
L3v(t) =L % and

ﬂ@:lgmm=l&mm+lgmm
L@]ﬁ}@ L@
=i(ty) + qu(t)dt

4.2 The Inductor cont.
« Stored energy = W(t) = Li%/2 (see below)
t t
W(t) = @(t)dt = d(t)i(t) dt
_ &G i)
= d; pm i(t)dt
i(t)

=L O dit) =L Lie - L Ligw)y2
\ Q4) 2 2

W(t) = % Li(t)2 (Assuming no initial stored energy)

4.2 The Inductor cont.
i(t)

T
= o
e

TextExample43 | | . __
(p. 117) 11

t =g




4.2 The Inductor cont.

Text Example4.4 o
(p. 118)

4.2 The Inductor cont.
* |Inductance in series adds:

Ltot:L1+L2+"'+Ln
MW MW AN
di(t) L@
"ot
A
I(t) k\//tol
izn o di(t di(t
KVL: V= SledtL): L“"dtL)

4.2 The Inductor cont.
« Inductance in pardld adds reciprocaly:

A= -1 -1 1
Llot _Ll +L2 +"'+Ln

® —_
ot Hdt LL tt)dt L ‘tt)df i ‘tt)dt
V(t) Q(e Lz@ L‘Qf Ln@(

J=n

R
KCL: i = ST

t t
Qud= ¢ o
oY ot Ty

4.3 Continuity of Capacitor Voltage and Inductor Current

_Jj(t) —C dc\j/tgtz Finitei(t) requiresfinite c%
+

()

Finite ——= requires continuous v(t)

d|( ) Finite v(t) requires finite %—2

L (t) L dy

Finite —— requires continuous i(t)

4.4 Transformers and Coupled Coils

» Caoil currents produce two types of
magnetic flux (Ileakage & mutual)

» The (black) “dot” conventionis used to
indicate the configuration of how each
coil iswound on the core

4.4 Transformers and Coupled Coilscont.

The coil-core arrangement shown (physically)
above is shown schematically below

i S i)

+ ——
va(t) L1§ é L. Vy(t)




4.4 Transformers and Coupled Coils cont.

i) /\
®

Without mutual induction, the coils are merely
two independent inductors having the
decoupled equations given below

®=t50 and v, =L

4.4 Transformers and Coupled Coils cont.

With mutual induction, the coils become
dependent inductors havin bg the coupled
equations given

40, , &0 &0, %0

vi)=Li7g *Modt and vy(H) =L

4.4 Transformers and Coupled Coils cont.

Each term in the KVLs below isavoltage

80,0 a0, , 40

v,(t) =L and V() =L,

4.4 Transformers and Coupled Coils cont.

The voltage induced in each coil by the other coil’sfield can be
represented using dependent voltage sources as shown below

i) O i)
no © LQ CL, G
L0 Ll

110 o0,

v+1(t) w@@ &0 AC)

KVL: v(t)-L—JQ+M—& KVL: vz(t)—L—ﬁ+M 4.0

4.4 Transformers and Coupled Coilscont.

The lumped-circuit model can be developed in stages as follows:
Step 1: Draw the circuit showing self- and mutual-inductance
voltages without their polarities (see below)

i) O i2(0)
\210) ® ng ;E L, B V(1)

i 1(0 A~ QL i z(t)
Vl(t) % Vz(t)

N.B.:  Thetermina voltages and currents are included in thisfirst
step’s schematic but the polarities of the four voltages
associated with the transformer aren't

4.4 Transformers and Coupled Coilscont.

Step 2: Assign self-inductance voltage polarities using the passive sign
convention in conjunction with the directions of i ,(t) and i ,(t)

i) S i2(0)
vy(t) ® ng ;E'-z B V(t)
+1, 50 S L0,

i 1(t) i z(t)

+
vl(t) _<> < ; vz(t)

N.B.: i,(t) flowsinto the positive sign of the L, (di, (t)/dt) voltage drop and
i,(t) flowsinto the positive sign of the L, (di,(t)/dt) voltage drop




4.4 Transformers and Coupled Coils cont.

Step 3:  Assign the (mutual inductance) dependent voltage source polarities using the
rule: “If both currents flow into the dots or if both currentsflow out of the
dots, then the mutual voltages aid (boost) the self-inductance voltage
drops¥ otherwise they oppose (buck)”

. 0 O
wy © LRe T
NIRRT PN 0

V1(t) @ <j ; Vz(t)

N.B.:  Here, aid (boost) applies since both currents flow from the terminals
(ports) into transformer dots

4.4 |deal Transformer

- ym .

i,(t) ® i5(t)
O o ® +
| | coilm Col#2 | |
Vl(t) LD (Nluturns) (N, turns) o] Vz(t)

Ideal (® ¥) Core Y
If the core is aperfect conductor of (magnetic) flux,
thereis no leakage flux and the transformer is ideal
(seetextpp. 124-126)
e ® . i(f)

®
v, (t) Nl(tumsg E

N, (turns) V,(t)

4.4 Transformers and Coupled Coils cont.

Thetransformer, its corresponding lumped-circuit (dependent-
sources based) model and associated KVLs are shown below

is(0) S i2()
wo © ng = )
. m

TC i)

- - Lz%ltm +
qrrvvn. . Tt
vy(t) M ‘% <§ w0 volt)
d

M:vl(t)ﬂlqd@ +M@d@ M5Vz(t):L2_ld#+M(ﬂd]Q

4.4 ldeal Transformer Properties
V,(t) = nv,(t) and i ,(t) =- niy(t)
sothat ...

pl(t) = Vl(t) il(t) =- Vz(t)iz(t) =- pz(t)
(i.e, py(t) + p,(t) =0\ losslesy

n=N,/N;
o) (tur.ns ra.tlo) i,(t)
vy(t) N [ N ) Vy(t)

4.4 |deal Transformer Properties cont.
V,(t) = nvy (1) and iy (t) =- nit)
sothat ...
Rap = - Va()/iy(t) = n(vy (1)/i(t)) = PR,

(i.e., reflected impedance concept¥s see text Example 4.6, pp. 127-128)

n=N,/N,
o) (turms refio) i)

Reg ® Vi(D) N sz R;Zg Valt) = - Regl o0

4.4 ldeal Transformer Properties cont.
Example 4-2 (Text Problem 4.25)

4/\9\\/,\\/ 31 2W 12
. Ty M\ 3 +
10 sin(3t) V-@ zowé gl; _(lg 8W§ Vou(t)
- S -
Find Vg (t)
Solution

Begin by reflecting the 8 W resistor across the right transformer using
Req = (1/2)2 " 8W= 2 W to obtain the equivalent circuit below

40w
M\
105'n(3t)v.© 2ow§

31 2W

S




4.4 l1deal Transformer Properties cont.
Example 4-2 cont.

31 2W
°

40 W
M\ 9. N\ |
105in(3t)V.© 20w§ glé ow
1

Next add the two seriesresistors (2W+ 2 W) = 4 W
to obtain the circuit below

40 W
M\ é
105in(3t)V.© 20W§ él

2

(YY Yo P

§|4w

4.4 1deal Transformer Properties cont.
Example 4-2 cont.
31

40w
M\ 2 9 )
105in(3t)v.© 2ow§ glg §'4w

Reflect the 4 Wresistor across the transformer using Ry, =
(3/1)2 " 4 W= 36 Wto obtain the equivalent circuit below

40 W
M\

10Sin(3) V. (’%) 20 \/\é: él% w

4.4 ldeal Transformer Properties cont.
Example 4-2 cont.
1

e + J
10sin(3) V. @ - ng v(t) ése W

20 W|| 36 W » 12.86 Walong with voltage division yields:
v(t) » [12.86 W/ (40 + 12.86) W] * 10 sin(3t) V.» 2.43sin(3t) V.
Then by Ohm'’s Law, i(t) = v(t) / 36 W» 0.0675 sin(3t) A.

4.4 ldeal Transformer Properties cont.
Example 4-2 cont.

40 W 3.1 12
M\ 00675snE)A._ o @

s A
10sin(3t) v.@ 20 wéQQ;asn<zﬂ)§|§ g § \"é Vot
- J

v(t) and i(t) as shown on the original schematic above, are next
reflected to the right side of the left transformer as indicated below

1

2
- o
10sin(3t) V. @ 20 243sin(3) | 081sin(3) V. §| V oul
02025sn@)A. S,

4.4 |deal Transformer Properties cont.
Example 4-2 cont.

4w 31 aw
MA ) M\
¥
10sin(3t) V. q’) 20 v\é %lésun(m

KVL: et) =0.81 sin(3t) V.- 2W’ 0.2025 sin(3t) A. » 0.405 sin(3t) V

Asaresult of the right transformer’ s turnsratio and the arrangement of
its polarity dots (and KVL), the relationship betweenV,,(t) and e(t) is:
Voult) =- 27 ()
' Vgu{t)» - 0.81sin(3t) V.

Voul®)

4.4 ldeal Transformer Properties cont.
Gear analogy
Transformer: v,(t) = nv,(t) and i 1(t) =-niyt)
where n = coil turnsratio (N, /
Gears: t (t) =-nt,(t) and wl(’? =- nw ®

IR

wherén = gear *radii ratio




4.4 Power Transformer Application:

Electric Power Transmission Application
Case 1. Load supplied directly from
sourceviaatransmission line
NSOV - 10A,,
+ R =5W +

150 Vo 100V, o %

Ploss= (10A g9 25W= 0.5 kW (Half the load’ s power!)
Pioad= 100Vps¥10Aq6= 1kW and Pg gy = 150V gy 10A5,6= 1.5 KW
\' hy, = (1kW / 1.5kW) x100% » 66.7%
The voltage drop between the supply and theload is
150V gys- 100V gus =50V gy
(A third of the supply’ s voltage!)

<oBTCW
o ®»®» O

4.4 Power Transformer Application:

Electric Power Transmission Application cont.
Case 2: Load supplied from source viaa
transmission line and transformers

10 Aw 1:10 + Vw - 10:1 10 Aw
T Vv 1 I
s| ® + * 4+ R=s5W 4+ ° * + @ | L
u [0}
P 100.5 Vs 1005V, 1000V, ¢ 100V, ¢ a
P | d
o T N L

Ploss= (LArws)>BW=5W. (Only 0.5% of the load’s power!)
Pioa= 100Vs¥10A 6= 1kW and Pg g = 100.5V g, ¢10A 6= 1.005 KW.
\' hy, = (1kW / 1.005kW)x100% » 99.5%

The effective voltage drop between the supply and theload is
100.5V pys- 100V gys= 0.5 Vs
(Only about 0.5% of the supply’svoltage!)

4.5 Circuit Differential Equations
With the addition of energy storage elements, the formerly
algebraic circuit equations become differential equations
For example, consider text Problem 4.33 (p. 143) whose
schematic is shown below ¥4 where the objective isto get
the differential equation relatingi,, toi

Example 4-3 (Text Problem 4.33)

i{t)=3+5t () m 0.252FW

2H

Tout

4.5 Circuit Differential Equations cont.

After writing the voltage-current relationships on
the schematic as shown below, KVL yields...

v = 2(di,, /dt) + 2i

out

+

. ZW ZIOU(
i) =3+5t () v AN025F -

di

out

dt
I

5

lout

4.5 Circuit Differential Equations cont.

After writing the voltage-current relationship for
the capacitor on the schematic as shown below,
KCL a nodenyields...

i(t) -i-i,,=0A. or..

n

)
dt

N V=206, +2

i =0.25
diou&
dt

i(t)=3+5t ()

3|

lout

4.5 Circuit Differential Equations cont.
it)-i-i,,=0A.0r..

(3+50) - 0.25% - 10 = 0A,

n

- dv
i :0.255dt '
digu

dt

i) =3+5t ()

Al
4

V=20, t2

lout




4.5 Circuit Differential Equations cont.
(3+50 - 0.25 % - i,=0A.
(3+5t)-0.259 [ 2 + Z%'M] “ig=O0A.

dt
i di
Floy Doy 5 =
G G+ o= 610K
N
- i:O.ZS?t/
i) =3+ 5t () = V=2l +2 c:j"t’“‘
-

Tout

4.5 Circuit Differential Equations cont.
Example 4-4

VAY

i o o
1

Ny T
Qg p

Determine the differential equation relating v(t) to v(t).

4.5 Circuit Differential Equations cont.
Example 4-4 cont.

i+ 2digd- , +3d

]
vs @ di Jot d\lldl v
I

KVL (left mesh): vg-2(di /dt) + di,/dt=0 (A)
KVL (right mesh):  di,/dt- 3di/dt-v=0 (B.)
Ohm's L aw: v=05W" i, (C)
Differentiate (C.) to obtain:  di,/dt = 2 dv/dt (D)

Substituting (D.) into (B.) yields di,/dt = 6dv/dt+v (E.)
Substituting (D.) & (E.) into (A.) yields:

dv/dt + 0.2v = 0.1 vg

4.6 Energy Storage Elements Under
DC Steady-State Conditions
Bottom Line
Under DC steady-state conditions, inductors are
short circuits and capacitors are open circuits

_ dv -
i=C—5<=0A. . li=oa.
+
VDcT * \_/Dc]
“loc “i=loce
+ +
gv:Ld—L‘tlQ:ov.* v=ov.

4.6 Energy Storage Elements Under
DC Steady-State Conditions
Bottom Line
Under DC steady-state conditions, inductors are
short circuits and capacitors are open circuits
_|. dVpe

. i=C ot =0A. + i=0A.

VDCF‘I‘\ Voo

4.6 Energy Storage Elements Under
DC Steady-State Conditions cont.

Example 4-5 (Text Problem 4.37, p. 144)
Findv,, under DC steady-state conditions
2w 1/3F.
NN\ |

+

Vout C>3A. G)ZA. 5V.




4.6 Energy Storage Elements Under
DC Steady-State Conditions cont.
With the capacitor opened and the inductor shorted, the
current flowing down through the 1Wresistor is1 A.
(by KCL at node n) sov,,, (which isthe resistor’'s

voltage by KVL) is(by Ohm'sLaw) 1V.\ v, =1V.

3A. n ZW oA 0A.
® ®
+
+ Vout 1W
+
ov.

Examination

Identify the EE tune (theme song) schema below
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