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ChE 400: Applied Chemical Engineering Calculations
Tutorial 3: Linear and Nonlinear Algebraic Egs. with Excel and Matlab

Gerardine G. Botte

This handout contains information and examples on:
* How to calculate inverse, determinant and perform basic matrix operations in Matlab
* How to solve LAE and Non LAE using the command “solver” in Excel
* How to linearize systems of nonlinear algebraic equations using Newton Raphson method.
* Symbolic differentiation in Matlab
* Solve nonlinear systems of algebraic equations using both excel and Matlab
It is important that you review Tutorial IX of ChE-101: Solving Non Linear Algebraic Equations
(see your ChE-101 binder, web: http://webche.ent.ohiou.edu/WEB-che101/T9-Non-LAEs.pdf )

1. Matrix Operations. The commands for the following Matrix operations in Matlab are:
1.1 determinant: det(A) where A is the matrix

1.2 inverse: inv(A) where A is the matrix

1.3 product of two matrices: A*B

For instance, given the following matrices:
2 1 3 2
[A]=]4 0 1| {B}=11
2 11 0

use Matlab to:
1.1 Calculate the determinant and the inverse matrix of [A].
1.2 Evaluate [C] and [E] defined as: [C] = [A] {B} and [E] = [A]™ {B}.

2. More exercises. Use the inverse and the product functions in excel to calculate the solution of the
following systems of algebraic equations (look at Tutorial 1 to remember how to perform matrix
operations in Excel):

X, +9x, +18x, + X, =18

2X, +3X, +3X,-X, =117
3.2 44X, +X,+2%,; =283

X, —3X; =115

sol :{XT} ={74.18,37.76,-25.75,67.41}
Compare your solutions by performing matrix operations in Matlab

3x, +18x, +9x, =18
2X, +3x, +3X, =117
4X, + X, +2X, =283

sol :{X"} ={72,-13,4}

3.1

3. Use of the command ““Solver.” The command “Solver” in Excel can also be used to solve a
system of algebraic (linear or non-linear) equations.

3.1 The first step is to define the equations (F(x)=0) and the guesses. For instance, suppose
that we want to solve the following system of LAE using solver:
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3%, -0.1x,-0.2x, = 7.85
0.1x, +7x,-0.3x; =-19.3
0.3x,-0.2x, +10x, = 71.4
we need to define the equations as shown below:

£ Microsoft Excel - Inverse matrix

J File Edt Yiew Insert Format Tools Data Window Help =18l x|
DEE2SBRE - @A @R 2o -(B(sE=H B8 L0 rom?
P | =| =D3*CO+ETCI0+F3*CI1-13
A | B [ ¢ [ b [ E [ F | & [ H [ 1 T 0 T ¥ T L =

1 =]
|2
| 3| 3 0.1 -0.2 785
| 4 A= 0.1 7 0.3 {B}= -19.3
| 5 0.3 0.2 10 71.4
6

7
= Guess (¥) Equations: F(x)=0
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3.2 Go to the “Tools” menu and use the command “Solver”. When using the “Solver”
command only one cell is allow to set as the “target value”. However, other constraints can be added
to the problem in order to solve a system of equations as shown below:

FA Microsoft Excel - Inverse matrix & x|
J File Edit Wiew Insert Format Tools Data Window Help 18] x|
Dedo|zRkelo- ez r2lmm 2u-lel===8]%%] - 2-2|rm >
c9 | =]
A [ 8 [ ¢ [ o [ e [ F e [ W [T [ J [ K T L3

1 =
|2
| 3 | 3 0.1 0.2 7.85
| 4 | A= 0.1 7 03 HElS -19.3
| 5 | 03 0.2 10 71.4
| 5 |
|7
| 8 | Guess (%) | Equations: F{x)=0
i‘ 1 Rallala] Solver Parameters 2]

10 2 32.5
11 | 3 415 Set Target Cell: 049 T Solve I
E Equal Te: C Max Mo ¥ Yalus of: IU Close |
113 By Changing Cells:
ﬂ FCE0RCE11 |
i [ECHD R Guess

16 subject to the Constraints: Options |
|17 | $0$10=0 = add
| 18 | $Df11=0 —

19 Change |
|20 | Reset Al |
= | = Delete
21 T — |
22 | |
|23

24 =
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Notice that the target cell is D9 that will be set to “0” by changing the values of the guesses (X
values). However, the constraints that D10 and D11 have to be also “0” have been added to the
calculation. This allows solving for the system of equations. The solution is obtained when clicking
on “Solve”. The results are given below:

3 0.1 -0.2 7.85
[Al= 0.1 7 0.3 {B}= -19.3
0.3 -0.2 10 71.4

Guess (X) Equations: F(x)=0

3 0
-2.5 0
7 0

4. System of Nonlinear algebraic Equations using “Solver”. Use Solver to solve for the following
system of nonlinear algebraic equations:

X2 +%,X, =10

X, +3%X,X5 =57

Solution:
System: x1"2+x1x2-10=0
X2+3x1x272-57=0

Guesses (X) Equations (F(X)=0)
2.000000001 4.71E-09
2.999999998 -3.3E-08

5. Newton Raphson’s method of linearization: As explained in class the two steps necessary to
solve a system of nonlinear algebraic equations are:

1. Linearize using Newton Raphson’s method

2. Solve the system of linear algebraic equations using any method of our choice.

Example: Use Newton Raphson’s method and Cramer’s rule to solve the system of non-linear
algebraic equations shown in class:
XZ +%,X, =10

X, +3%X,X5 =57
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Hint: Use Matlab to calculate the Jacobians (as explained below). Stop your calculation for
abs(Error) = 0.001%. Remember that the problem needs to be linearized according to:

of, ot

OX, 0OX,
DX} = R} 10X} where [J] =

oaJ, o

OX, 0OX,

Before showing the solution of the problem we will discuss how to calculate symbolic derivatives
using Matlab.

Symbolic derivatives using Matlab:

There are several ways to find information on using Symbolic Math Toolbox functions. One of them
is to use online Help, which contains tutorials and reference information for all the functions.

You can also use MATLAB's command line help system. Generally, you can obtain help on
MATLAB functions simply by typing:

help function
where function is the name of the MATLAB function for which you need help. This is not sufficient,
however, for some Symbolic Math Toolbox functions. The reason? The Symbolic Math Toolbox
"overloads” many of MATLAB's numeric functions. That is, it provides symbolic-specific
implementations of the functions, using the same function name. To obtain help for the symbolic
version of an overloaded function, type:
help sym/function

where function is the overloaded function's name. For example, to obtain help on the symbolic
version of the overloaded function, diff, type

help sym/diff
you should get the following in your command window:
=) Command Window E]@

Ele Edit ¥iew Web Window Help

This i3 a Classroom License for instructional use only.
Research and commercial wse is prohibited.

To get started, select "MATLAB Help"” fron the Help menu.
5> help syn/diff

DIFF Differentiate.
DIFF(5) differentiates a symbolic expression 5 with respect to its
free wvariable as determined by FINDSYM.
DIFF(3,'w') or DIFF(Z,svn('v')) differentiates 5 with respect to v.
DIFF(3,n), for a positive integer n, differentiates 5 n times.
DIFF(S, 'v',n) end DIFF(S,n,'w') are also acceptahle.

Exanples:
X = sym('x');
Tt = sym('t'):
diff (sin(x*2)) is Z*cos(x*2)*x
diff(t*6,6) i3 720.

See also INT, JACOBIAN, FINDSYM.

3.2

Ready
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As an example let us calculate the derivative of the function sin(a*x). The first step is to create a
symbolic expression using the command:
syms a x
(if you don’t define the variables as symbolic it won’t work).
f = sin(a*x)
Then diff(f) differentiates f with respect to its symbolic variable (in this case x), as determined by:
ans = cos(a*x)*a
To differentiate with respect to the variable a, type
diff(f,a)
which returns:
ans =cos(a*x)*x
To calculate the second derivatives with respect to x and a, respectively, type
diff(f,2) or diff(f,x,2)
which returns
ans =-sin(a*x)*a’"2
and
diff(f,a,2)
which returns
ans = -sin(a*x)*x"2

Try all the above operations given above. Compare your results with the summary given in the
following command window:

+) Command Window

File Edit Wiew wWeb ‘Window Help
[~
*» diff(f,a)
ans =
cozla¥x) Fx
> diff(£,%,2)
ang =
-sinfa¥*x)*a*2
> diff(f,a,2)
ans =
-sinja¥*x)*x 2
»> | =
| o
Ready

Solution to Problem 5:
The solution of the problem is given below. The nomenclature is the same used in class:
of, of, of, of,
ay :_|i y Agp :_|i y Ay :_|i y Ay :_|i’ bl = _fl,i +a;,Xy +a12X2,1'and
Xl X2 Xl X2

b, =—f,, +a,X,; +a,,X,,. The Jacobians were calculated in Matlab as shown:
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=} Command Window E] g]
1
>> aZl=diff(f2,x1)
> aZz=diff (£2,x2)
I I l:
Using X1=1 and X2=9 as initial guesses the following answers were obtained:
lteration| X x| all al2 a2l a2 1, f2l bl b2 Xy | X2l |abs(Bror])%abs(Bror2)?
1 10000 | 90000 | 110000 | 10000 | 243.0000] 550000 | 0.0000 | 1950000 20.0000 | 5430000 15387 [ 30746 | 35009 1972
2 15387 | 30746 | 61519 | 15387 | 283502 | 20.3847 | 29017 | -102898| 17.0983 | 144.2712| 20450 [ 29361 | 24758 AT16
3 20450 | 29361 | 70061 | 20450 | 5865 | 37020 | 0182 | -117%6 | 20182 | 1627766] 20001 | 2992 | 2243 2104
4 20001 | 29992 | 69994 | 20001 | 269880 | 369926 | 00008 | -002R0 | 199992 | 1649496 20000 | 30000 | 0006 0026
5 20000 | 30000 | 70000 | 20000 | 27.0000 | 37.0000| 00000 | 00000 | 200000 | 1650000] 20000 | 30000 | 0000 0000

Finally, {X"}={2,3}

6. Use of “fsolve”. Solve the system of non-linear algebraic equations given in Problem 1 using

“fsolve.”

Solution: The first step is to draw the flowchart for your algorithm or sketch your procedure before
you write the code
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Write the system of nonlinear algebraic equations function:

% CAMATLABSpT workifuncl.m

File Edit Yiew Text Debug Ereakpoints Web ‘Wwindow Help
LS ES © # fr | €K IIE)| Stack x|
1 function F=funcl(x) =
2 %This function is used by the main program in H3.m as described in H3 problem Z.
3 %Call funclix) where x iz the vector with the dependent warisbles
4 sDeweloped by GGE on 10/14/02
5 5
Bl | Fily=se(ly*z4x(l)*x(2)-10;
7l=| Fizy=x(z)+3+x (1) *=(2)~2-57;
4 3
_|_| funclm | Him
Ready

Write your main code according to your flowchart:

S C:UMATLAB S p1iworkiH3.m
File Edit Wiew Text Debug Breakpoints ‘Web Window  Help

OD=EES 'S} & Fr 2 B 13 Stack:

1 zaolution for Froblem 2 Handout 3 (H3) =
2 3This program solwves a system of nonlinear algebraic equations using fsolwve.
3 £The input data iz the quesses for the dependent wvariables =x(1) and =x(2).
4 It calls for the function file funl(x) which contains the set of egs. to
] 30lve simultaneously.
f tDhewveloped by G.G. Botte on 10714702,
7 e
8| - clear
af - clc
10 e
11 % Initial cquesses: it makes sehse ©o use the initial concentration to reactor 1 as the initial gqu
12 e
13- xo(l)=1;
14(-| =aoi21=9:
14 e
16 % Zolution of the equations
17 e
18] - options = optimset|'Largescale','off','Display','cfE','TolX' ,le-5);
19| = ¥ = fsolwe('funcl',<o,options);
20 e
21 & Printing the results
22 R e e LR PP L P e PP P e e
23| - fprincf(l, 'BESULTS: Dependent wariablex =1 and =2Wn'): tRezults
24(- for i=l1:2
28| - fprintf(l,'=1{ 1.0 %',i):
26( - fprincE(l, ') = %8.4€ ‘o', 2(i));
27— end
1| >

GGB

funct.m Ha.m

Ready
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After running the program you should get the following answers:

=+ Command Window |Z| f'>__<|

File Edit View ‘Web MWindow Help
>>» BESULTS: Dependent wariablex x1 and x2 =

x1{ 1) = Z.0000
xl{ 2 ) = 3.0000
oy

Ready




