ChE 400: Differential
Equations: Analytical
Solutions using Characteristic
Polynomial Method (H-7a)

Gerardine G. Botte

Objectives

» General:
— Classify Differential Equations
— Apply the concepts of this chapter for the solution
of chemical engineering problems that require the
calculation of homogeneous-linear-ordinary
differential equations
» Specific objectives:
— Recognize linear from nonlinear differential
equations

— Recognize homogenous from non-homogeneous
differential equations

— Distinguish the order of a differential equations
— Use the characteristic polynomial method to solve
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Outline

« Differential Equations

Differential . )
Equations — Classification
— Classification
- Exerclis‘es‘ - Examples
ObE + Ordinary Differential Equations (ODE)
—  Analytical
SO e — Analytical Solution Methods
Polynomial  Characteristic Polynomial
« Laplace

Transform « Laplace Transform
Lab Practice H

— Use of Matlab * Lab Prac

— Use of Matlab to calculate Laplace
transform
v 466 0 004




Differential Equations

+ A differential equation is an

Diffen_ential
o S eseaton equation involving an unknown
one e function and its derivatives,
- Analytcal example:
i Srviemninid d
& _s5x+3
dx
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Methods of Solution
Differential » Depend on the type of differential
E ti H
?u?:IIaosrsll.:cahon eq uatlo n
ooe * Analytical: only for linear differential
" Sotutons equations
« Characteristic . . .
raomiat | o Numerical: for linear and nonlinear
differential equations
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Nomenclature
Differential c YLV, Y7 Y@, L, ¥ are often used to
Equations represent, respectively, the first, second,
T Chassoation third, fourth, ..., nth derivatives of y with
ODE respect to the independent variable
" Souons under consideration
+ Characteristic
Polynomial ¢ Thus:

— y” represents d2y/dx? if the independent

variable is “x” but represents d2y/dp? if the

independent variable is “p
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Differential Equations

« Differential Equations can be

B! classified according to:
— Classification
- Exercises — Linearity
ODE
~ Soons — Order
. Characteflsﬂc
Febnem — Boundary Conditions (BC's)
— Type (Variables involved)
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According to Type (Variables
Involved):
Differential * Ordinary Differential Equations
E ti
?u?:ll:s:isﬁcation (O D E)
— Exercises
ODE
" Souons « Partial Differential Equations (PDE)
+  Characteristic
Polynomial
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» The function involves one independent
Differential variable, example:
Equations
— Classification
- Exercises
ODE d_y — X2
—  Analytical
Solutions dX
+ Characteristic
Polynomial

y: dependent variable

x: independent variable
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PDE

* The function involves two or more

B! independent variables, example:
— Classification
- Exercises oc o’c
ODE —~—-_D—=
~ Souons ot ox’
* Characteristic ‘\
Polynomial
c: dependent variable
. . Notice that the
t: independent variable symbol for partial
x: independent variable differentiation is
used
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According to Order
Differential * Order: is defined as the highest
Equations

— Classification
— Exercises

order of the derivatives
» Depending on the order the egs.

ODE
" Sotutons can be classified in: first order,
« Characteristic .
Polynomial second order, third order, etc, e.g.,:
i: x° First order
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According to Order
Continued
o * More examples:
Differential
Equation§ _ d2 d 3
T e e 2 I =
ODE dx Second order
—  Analytical —_——
Solutions

« Characteristic
Polynomial

* The number of boundary conditions
needed is equal to the order of the
differential equation, e.g.,

— First order differential equation needs

one boundary condition
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According to Linearity

* They can be classified into

Differential
Equations .
— Classification - Llnear
- Exercises .
ODE — Nonlinear
- Analytical
Solutions
+  Characteristic
Polynomial
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Linearity
An nth-order ODE in the unknown function “y”
. and the independent variable “x” is linear if it
Differential .
Equations has the form:

— Classification d“y d""y dy
O,DEEXE,CiSES b, (x) e +b, (x) proCE +...+b, (x)a )
" e o (x)y=e(x)
+  Characteristic
Polynomial The functions bj(x) (j=0, 1, 2..,n) and g(x) are
known and depend only on the variable “x”
(independent variable)
If the differential equation can’t be expressed in
the form of Eq. 1, the equation is nonlinear
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Linearity
continued
Differential Notice that according to Eq.(1) the
Equations coefficients and the function g(x) do not

— Classification

— Exercises

ODE

—  Analytical
Solutions

« Characteristic
Polynomial

depend on the dependent variable
(linear ODE)

In nonlinear differential equations the
coefficients (b), depend on the
dependent variable

The first step to analyze linearity is to
identify the dependent and independent
variables
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Linearity

continued
Differential . Examples: Dependent variable
Equations dy
— Classification
~ Exercises 5X2 — =5x+ 3 Linear
ODE
- Analytical dX
Solutions
" o & dv )
e’ }2]'+2 &Y = nonlinear
dx”\  \dx
Dependent variable
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Linearity
Continued
Differential « Linear differential equations can be
Equations

— Classification
— Exercises

classified into
— Homogenous

ODE
T naytcal » G(x) in Eq. (1) is equal to zero, e.g.:
+  Characteristic
Polynomial 5X2 g _ 0
dx
—Non lomogenous
* G(x) in Eq. (1) is not zero, e.g.:
d
CSX2 diy =5X+3 50000
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According to Boundary
Conditions
Differential « Initial value: values of the
Equations dependent variable or its derivative

— Classification

— Exercises

ODE

—  Analytical
Solutions

« Characteristic
Polynomial

are known at an initial value

» Boundary value: dependent
variable and or derivative are
known at more than one point or
value of the independent variable

ChE 400 10/25/2004




According to Boundary Conditions
Continued
Diffen_ential ° EXampIeS
E?uztla(’s:isfication SXZ g =0
O—DEExercl.ses dX
" Soutions Atx=0,y= 1 (initial value)
+  Characteristic
Polynomial 5
se9Y o
dx
Atx=0,y=1
At x =1 dy/dx =1 (boundary value)
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More on Classification of
Differential Equations
Differential « ltis important to know how to classify
Equations differential equations to select method of
- Class.iﬁcation solution
one + In the modeling procedure, when you
~ Analytcal identify mathematical form you must
Solutions classify your differential equation
Fwrema—| o Be prepared to identify and classify any
type of differential equation
+ The first step to classify differential
equations is to identify the dependent
and independent variables
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Exercises 1 to 4

 Classify the following differential equations according
to: type of variable, linearity, homogeneity, and order

d“x—y2+1 (1) Ly Z+d—2r+ Iy @
dy" &) ey Ty
7 7
d—? =3p O db =3 (4)
dp dp

ChE 400 10/25/2004
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Characteristic Polynomial

Method
Differentil * Itis used for “linear”, homogenous,
Favatons on second order, ODE with constant
oo T coefficients (that is, the coefficients
- Anayica do not depend on the independent
G| variable)
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Solution Procedure
» For the general equation:
Efféﬁgﬁ'i I ay +by +cy=0
— Classification
O*DEEXE'”SES 1. Define the characteristic polynomial
- Analytical (P) P= amz +bm+c=0
M emeersic | 2. Calculate the roots of the polynomial
= —b++/b> —4ac
2a
3. Define solution type depending of
roots
4. Evaluatesths constants.tsing BC's
Solution Type
+ Case 1: m; and m, are real and
Eqatone. distinct:
- Classi.ﬁcahon
O—DEExerclses y — Aem|X + Bemzx
—  Analytical

Solutions
« Characteristic
Polynomial

+ Case 2: m; and m, are real and
distinct but symmetric m,=-m,:

y = A cosh(m,x) + Bsinh(m,x)
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Differential

Equations

— Classification

— Exercises

ODE

- Analytical
Solutions

+ Characteristic
Polynomial

Solution Type
Continued

+ Case 3: m, and m, are real and
equal (m=m,):

y =Ae™" + Bxe™"

» Case 4: m, and m, are complex
numbers, and the roots are
conjugate pairs (e.g., m,= p+ig, m,
= p-iq)

y=¢e™ [A cos(qx)+B sin(qx)]
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Exercise 5

* Find the solution of:

y -y -2y=0
at x=0, y=1
atx=2,y=0
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Exercise 6

* Find the solution of:

y +4y=0
at x=0, y=1

V4
atx=—,y=0
1 y
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Recommended Reading and
Assignment

* Read chapters 1, 2 and 8 (and solve the
problems given in those chapters) of:

. Loutiined QA372 .B856 1994eb

DIFFEHENIIM ELECTRONIC BOOK
Euummus Author Bronson, Richard
1 Title Schaum's outline of theory and
problems of differential
equations [computer file] /
Richard Bronson
Edition 2nd ed

Imprint New York : McGraw-Hill, c1994
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Summary

Do all the exercises done in class by
yourself

Do recommended assignment

You must be able to classify differential
equations

You must be able to solve second order,
homogenous, nonlinear ODEs
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